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The heat equation with multiplicative Lipschitz noise

For T > 0, A C R? a bounded polygonal domain we consider

du— Audt =g(u)dW, inQx(0,T)xA

> (Q, AP, (Ft)e>0, (Wi)e>0) is a stochastic basis with a
real-valued Brownian motion (W;)¢>o.

» g :R — R is Lipschitz continuous

» homogeneous Neumann boundary condition
Vu-n=0
» initial value u(0,-) = up for a Fo-measurable random variable

up € L2(; HY(N)).

2/24



Some useful facts on stochastic analysis

> A filtration (Ft)e>o is a family of o-fields (F¢)¢>0 satisfying
Fir C Aforall t >0and Fs C F; forall s < t.
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Finite-volume approximation of the variational solution

A variational solution to the heat equation with multiplicative
Lipschitz noise is a (F¢)¢>0-adapted stochastic process

u e L2(Q;C([0, T); L2(N)) N L2(Q; L2(0, T; HY(A)))

such that, for all t € [0, T], in L2(A), P-as. in €,

u(t)—uo—/otAu(s)ds:/Otg(u(s)) AW,

» From classical results (see, e.g., [Pardoux 1975], [Krylov,
Rozovskii 1981], [Liu, Réckner 2015],...) existence and
uniqueness of a variational solution is well-known.

Y ! 7/

We propose a finite-volume scheme, semi-implicit in time and a
Two-Point Flux Approximation (TPFA) in space and show its
convergence to the variational solution.
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The mesh on A

Let 7 be an admissible mesh consisting of open, polygonal and
convex subsets, i.e., control volumes K € T

> To each K € T we associate a point xx € K, called center

» o = K|L is the interface between two neighbouring control
volumes K, L € T, called edge

» For two neighbouring control volumes K, L € T with centers
Xk, x. we have the orthogonality condition

XkXLJ_K‘L
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TPFA for the Laplace operator

For u € C?(A) with Vu-i =0, K € T, by the divergence theorem

/Audx:?é Vu-nkdS
K oK
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TPFA for the Laplace operator

For u € C?(A) with Vu -7 =0, K € T by the divergence theorem

/Audx: Vu-nkdS
K oK

= Z %VUH’KMdS

o€€inNEK g

> Ei:= set of edges of K for K € T
» Eint := set of all interior edges of T

» on o € Ejnt, Nk = Nk, Pointing towards a neighbouring
control volume L € T
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TPFA for the Laplace operator

For u € C?(A) with Vu -7 =0, K € T by the divergence theorem
and the orthogonality condition on T

/AudX: Vu-nkdS
K oK

= Z Vu- ﬁK|L dS

UGS,ntﬁgK g

= ¥ 7§v L= x) g

d
o €EmNEX KL

> Ey:= set of edges of K for K € T
> Ein := set of all interior edges of T
> fik = k|, pointing towards L € T, dk, := [xk — xt|-
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TPFA for the Laplace operator

For u € C?(A) with Vu -7 =0, K € T by the divergence theorem,
the orthogonality condition on 7 and Taylor expansion

/Audx: Vu-nkdS
K oK

= Z Vu- HK|L dS

UGE,ntﬁgK g

= 3 jqfv 01 =K) s

0EEMNEK Cdke IL
My .
= Z (up — UK)T + o(size(T))
O'E(fintﬂg;( K‘L

> Ex:= set of edges of K for K € T
> Ein := set of all interior edges of T
> fik = k| pointing towards L € T, dk, := [xk — xt|.

> uk = u(xk), ur :== u(xy), my := length of o o/2



TPFA for the Laplace operator

For u € C?(N), with Vu - =0 and K € T by the divergence
theorem, the orthogonality condition on 7 and Taylor expansion

/Audx: Vu-nkdS
K oK

= Z Vu- ﬁK|L ds

o€EinNEK g

= > %VU-(XL_XK)dS

d
Uegintm“:K e KIL

= > (u— uk) 7 + ofsize(T))

d
ge€inNEK KIL

two point flux approximation for Au
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The finite-volume scheme

Proposition [Bauzet, Nabet, Schmitz, Z., '22]

For h > 0, let 7 be an admissible mesh with size(Th) = h and
:\K] for K € Tp. For N € N, let At := L and t, := nAt for
=0,...,N.

For any given F;,-measurable random vector (u)ke7,, there exists
a Ft,.,-measurable random vector (uy'!) ke, satisfying

(ot o)+ A T o)
g€ENEK K|L (FV)

= mkg(ug)(We,,, — Ws,)

for all K € Ty, PP-a.s. in €.
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Main result

For h > 0, let T, be an admissible mesh with size(7,) = h. For
N e N, let At := % and t, := nAt forn=0,...,N. For any
K e Ty let
1
0
U == — | up(x)dx.

K= e e 0(x)
For n € {0,..., N — 1}, let (u™)ke, be the solution of (FV)
obtained by iteration starting with the random vector (v%)keT; .

Then, the step functions
up n(t, x) == uptt, t € [ta, tay1), x € K (not adapted)

u,’LN(t,x) ‘= U, t € [ty tht1), x € K (adapted)

converge in LP(Q, L2(0, T; L2(A))) for all 1 < p < 2 towards the
unique variational solution of the heat equation with multiplicative
Lipschitz noise.
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Fundamental inequality

(U™ = uf) ot Y (-

o€€intNEK K‘L

= ng(U?()(thH - W;,)

uZJrl)
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Fundamental inequality

Z mK n+l n n+1 +Atz Z U n+1 +l)un+l

KET, KeTh octmner &
= > mig(up) (W, — W, Jug™
KET
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Fundamental inequality

n+1|2

Y e
0€Eint d ‘L

S msp Ry Y

KET; KeTh octmner &

= > mxg(ug)(Weyy — We,)ui™

KeTh

n+1 n+1y, n+1l
—ul " ug
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Fundamental inequality

Z %E [ u;”l<+1|2 _ ’u;r<|2 + |U;7<+1 _ U?(F]

Mo | nt1 +1)2
+ AtE me — u |
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Fundamental inequality

Z %E [ u;l<+1|2 _ ’Uf<|2 + |U;7<+1 _ u;‘;(,2]

Mo | nt1 +1)2
+ AtE me;; — uy |

= > (U (Weyy — We,)(uf = uft)]
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Fundamental inequality

Z U n+1|2 |UK|2+|un+1 uln<|2]
KeTh
+AE | Y Tyt P
0E€Eint dKlL
m
< . 5 (ME[g()lP] +E [Jug™ — ui )
KeTy

9/24



Fundamental inequality

th
Z 7E Uun+1‘2 ‘U —I-E / i Z meg |un+1

K€77, tn UGEnt
tht1
mk ny|2
<> s [ [ lewpp e
KeTy n

forall ne {0,...,N —1}.

uIL7+1 ’2 dt
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Consequences of the fundamental inequality

Using the Lipschitz continuity of g : R — R and a discrete
Gronwall inequality, it follows that

> the sequences of step functions (u}, y)nn and (uf y)an

> the norm of the discrete gradient, i.e.,

N—-1
thur H2 — IR Z /tn+1 Z Mme ’un—I—l _ un+1‘2 dt
h,N d K L
=0’ t KL

Uegint

are bounded in L2(Q; L2(0, T; L2(A\))) by constants not depending
on the discretization parameters N € N and h > 0.
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The discrete gradient

For t € [tn, tht1), n € {0,..., N — 1} we associate to the step
function uj , given by (FV) a discrete gradient

un+1 _ un+1
. 2L — K nyk, ifx €D, 0=K|LE En;
Vup w(t,x) = di|L
0, else .

which is piecewise constant on the diamond cells (D, )scg,,-

-A
/‘/‘/ Da.\ T~
XKk @c-=-=-q7-----~- =@ X,
~. [o=KIL-
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Weak convergence and improved regularity

There exists a function u € L2(Q; L2(0, T; L%(N))) such that,
passing to a subsequence if necessary,

u;,’N and up y — u

weakly in L2(; L2(0, T; L2(N))) for N — +o0, h — 0.

Proposition [Eymard, Gallouét '03]
u € L2(Q; L2(0, T; HY(A))) and

th/rLN —~Vu

weakly in L2(Q; L2(0, T; L?(A)?))) for N — 400, h — 0
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th/rLN —~VYu
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&...but weak convergence is not compatible with the nonlinear
diffusion term g : R — R
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Time and space translate estimates

Lemma [Bauzet, Nabet, Schmitz, Z. '22]
For any a € (0, 3), (“;;,N)h,N is bounded in the space

[2(Q; L2(0, T; W*2(A))) N L2(Q; W*2(0, T; L2(N))).

Idea of proof: Uniform estimates on the time and space translates
of approximate solutions associated with (FV) are useful to find
bounds on the Gagliardo seminorms for (ul, y)h.n-
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Lemma [Bauzet, Nabet, Schmitz, Z. '22]
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Idea of proof: Uniform estimates on the time and space translates
of approximate solutions associated with (FV) are useful to find
bounds on the Gagliardo seminorms for (ul, y)h.n-

compact

L2(0, T; W*2(A)) N W*2(0, T; L2(N)) L2(0, T; L2(N))

Lemma

=% The sequence of laws £(u}, N)h,N On L2(0, T; L2(N)) is tight.

Prokhorov /
= Up to a subsequence, (uh.,\,)hJ\, converges in law to a

probability measure /.
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Theorem of Skorokhod

On a new probability space (2, A", P')

P there exist random variables vy, (V/LN);,,N, Uso With
L(vo) = L(up), L'(vh N) = E(uh y) forall h>0, NeN,

l:(ljoo) = Moo

and
Vi 28 s in 1200, T 12(N) P-as. in @,

> there exists a stochastic process W and a sequence of
Brownian motions (Wh’N)h,N such that

NhN

wh W= in C([0, T]) P'-a.s. in Q'
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Consequences of Skorokhod’s Theorem

» v/ . is a step function, i.e., for any K € T},
h N p y

ne{0,...,N—1}, vl y(t,x) := v for all t € [tn, tat1),
x € K.

> For any n € {0,..., N — 1}, the random vector (v
a solution of

me(vett = Vi) + e S0 T (vt - vt
ae&ntﬂSK K|L (FV,)
h,N h,N
= micg(vi) (Wil — W)

tn+1

for all K € Tp.
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Identification of the stochastic integral

» For any, h > 0, N € N there exists a filtration (Sﬁ’N)tZO such
that vf’,’N is adapted to (S?’N)Qo and WhN = (Wth’N)tzo is a

Brownian motion with respect to (3?’N)t20.

me(VEt v+ o Y T (vt
O'Egintﬂg;(

= meg (V) (WEN — wy

tn+1

for all K € Tp.
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Identification of the stochastic integral

» For any, h > 0, N € N there exists a filtration (S? N)t>o such
that v,’LN is adapted to (S't’ )e>0 and WHN = (W )tZO is a

Brownian motion with respect to (8"? N)tzo.

m,
N Y NN S AV RS
og€&ENEK

th+1
/ / ) dW/ N dx

for all K € Tp.
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Identification of the stochastic integral

» For any, h > 0, N € N there exists a filtration (S? N)t>0 such
that v , is adapted to (FM) 50 and WHN = (W/N) oo is a
Brownian motion with respect to (F7" )tzo-

» There exists a filtration (§3°)¢>0 such that us has a
predictable dP’ ® dt-representative and W™ = (Wy°) >0 is a
Brownian motion with respect to (§%°)¢>0.

» By a result of [Debussche, Glatt-Holtz, Temam 2011],

hN g BN T 00
// n) W dx // g(uso) dWP° dx
AJo

P’-as. in .
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Strong convergence of finite-volume approximations

Proposition [Bauzet, Nabet, Schmitz, Z., '22]

(P, A (F2°) >0, W™, U, vp) is @ martingale solution for the
heat equation with multiplicative Lipschitz noise.
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The stochastic heat equation with convection

du — Au dt+div(vu) dt = g(u) dWe+B(u)dt  in Q2 x (0, T) x A
u(0,-) = up in QxA
Vu-n=0 on ON\

> v e CY[o, T] x \;R?)

> div(v) = 0in [0, T] x A

» v-n=0on [0, T] x0A

» 3 :R — R Lipschitz continuous with 3(0) = 0
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Upwind scheme for the convection term
For u € CY{(A;R),v € C}(A;R?) withv-7=00ondAand K € T
/ div(v(x)u(x)) dx = / v(x) - Ak (x)u(x) dvy(x)
K

oK

= 3 w00 uu() dy(x)

c€ENNEK g
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Upwind scheme for the convection term
For u € CYA;R),v e CY(A;R?) withv-A=0ondANand K € T

/ div(v(x)u(x)) dx = / v(x) - ik (x)u(x) dy(x)
K oK
= Y [ v A0 d(x)

c€ENNEK g

~ E Mg VK olUs.

o€ENNEK

Where, u, is interpreted as the quantity of u transported through
the interface o = K|L by the velocity vk ,:

1 . uk, ifvke=0
VKo = — [ v(x)- 0k dy(x), us:= . '
K my Js (x) KIt () 7 {uL, if vk » <0.
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Calculus for the upwind approximation

If div(v) =0in A, for K € T we have

S Mevkoto = Y Movio(ts — uk).

c€&NEK oc€&NEK
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= uk /8K v(x) - Ak (x) dvy(x)
_— /K div(v(x)) dx = 0.
+

Moreover, since vk » = (Vk,5)

Z Mo VK o (Uy — UK) = Z my(vk o) (ux — up).

Jegintﬂg;( O'=K|L€<€intﬂg;<

— (vk,s)~, we have
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Semi-implicit finite-volume scheme

Proposition [Bauzet, Nabet, Schmitz, Z., '23]

For any given F; -measurable random vector (uj )ke7 there exists

a unique F%,,,-measurable random vector (ujy™)ker satisfying

mg 1 1 1 1
E(“T —ug) + Z mo(";y;) (up™ = uf™)
c€ENNEK
+ Z U n—|—1 uz—l—l)
O'Egmtﬂg;(
mg

= ZEg () (W(tns1) = W(tn)) + micBlui ™),

for all K € T, P-a.s. in , where, for 0 = K|L

il 1 thyi
VK = moAt./tn /Uv(t,x) - ngp dy(x) dt.

21/24




Convergence result

Theorem [Bauzet, Schmitz, Z., '23]

The finite-volume approximations ”L,N and uj, y converge strongly
in L2(; L2(0, T; L2(A))) to the unique solution of the stochastic
heat equation with convection, i.e., to a predictable stochastic
process u € L2(Q; C([0, T]; L2(N\))) N L2(; L2(0, T; HY(A))) such
that

u(t) — uo /0 Au(s) ds + / div(v(s, )u(s)) ds

0

- /0 g(u(s)) aWs + /0 B(u(s)) ds.
for all t € [0, T], in L2(A), P-a.s. in Q.
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Proof of the convergence result

> Weak convergences of g(ul ), B(ul ) towards g, and f3,,
respectively

» Identification of the weak limits g, = g(u), By, = (u) via
stochastic energy inequalities using an exponential weighted in
time norm

» The key ingredient is

Lemma [Bauzet, Zimmermann, S. '23]

For any ¢ > 0, the stochastic process u satisfies

T t
/ / e R [/ ]Vu(s,x)\zdx} ds dt
0 0 A

T t
< liminf / / e E [uf y(s)2.,] ds dt.
0 0

h—0,N—o0

where | - |1 4 is the discrete H-seminorm.
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Thank you for your attention.
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