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Finite volume methods

Principle

Based on the conservation form of the PDE:

div(something) = source.

Integrate the balance equation on each cell K and apply Stokes formula:

ˆ
K

source =

ˆ
∂K

Outward flux of something across the edge

=
∑

edges of K
Outward flux of something across the edge.

Approximate each flux and write the discrete balance equation obtained from
this approximation.
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Laplace problem
Notations. Generalities.

Consider the following problem®
−∆u = f, in Λ

+ B.C. on ∂Λ

and an admissible Delaunay orthogonal mesh T .

K L

Flux balance equation on the control volume K

mKfK
def
=

ˆ
K
f =

ˆ
K
−∆u = −

ˆ
∂K
∇u · nσK =

∑
σ⊂∂K

−
ˆ
σ
∇u · nσK︸ ︷︷ ︸

def
= FK,σ(u)
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Laplace problem
Notations. Generalities.

xK xL

σ = K|L

~nKL

mKfK =
∑

σ⊂∂K
FK,σ(u).

Local conservativity property for the initial problem

FK,σ(u) = −FL,σ(u), for σ = K|L.

Cell-centered unknowns We are looking for uK ∼ u(xK)

Notation : uT = (uK)K∈T ∈ RT .

Numerical fluxes

A family of maps uT 7→ FK,σ(uT ) in order to approximate FK,σ(u).

Numerical scheme

We look for uT ∈ RT such that mKfK =
∑

σ⊂∂K
FK,σ(uT ) for any K ∈ T .
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The Laplace problem
Construction of numerical fluxes.

Case of an interior edge σ = K|L.

u(xL)− u(xK) = (∇u(x)) · (xL − xK) +O
(
size(T )2

)
(xL − xK) = dK,L~nKL ⇒ (∇u(x)) · ~nKL =

u(xL)− u(xK)

dK,L
+O (size(T ))

FK,σ(u) =

ˆ
σ
−∇u · ~nKL = −mσ

u(xL)− u(xK)

dK,L
+O

(
size(T )2

)

FK,σ(uT )
def
= −mσ

uL − uK
dK,L

.

Remark and definition

The scheme is built so as to be conservative

FK,σ(T ) = −FL,σ(T ).

We set
FK,L(T )

def
= FK,σ(T ) = −FL,σ(T ).
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The Laplace problem
Construction of numerical fluxes.

Case of a boundary edge σ ⊂ ∂Λ.

Dirichlet B.C.: u = 0 on ∂Λ

xσ − xK = dK,σnσK.

(∇u(x)) · nσK ∼
u(xσ)− u(xK)

dK,σ
=

0− u(xK)

dK,σ
⇐ Boundary data

=⇒ FK,σ(u) = −mσ

−u(xK)

dK,σ
+O(size(T )2)

FK,σ(uT )
def
= −mσ

−uK
dK,σ

.

Neumann B.C.: ∇u · n = 0 on ∂Λ

By definition,

FK,σ(u) =

ˆ
σ
∇u · nσK and (∇u(x)) · nσK = 0, ∀x ∈ σ.

FK,σ(uT )
def
= 0.

⇒ scheme only given on interior edges!
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The Two-Point Flux Approximation Scheme (TPFA)
Construction of the scheme.

Definition of the TPFA scheme

We look for uT = (uK)K∈T ∈ RT such that

(TPFA)



∑
σ⊂∂K

FK,σ(uT ) = mKfK, ∀K ∈ T ,

FK,σ(uT ) = −mσ

uL − uK
dK,L

, for σ = K|L,

FK,σ(uT ) = −mσ

−uK
dK,σ

, for σ ⊂ ∂K with Dirichel B.C.,

FK,σ(uT ) = 0, for σ ⊂ ∂K with Neumann B.C.

It is a linear system of N equations with N unknowns (N=nb of control
volumes in T ) which is invertible.

The scheme is also known as VF4/FV4 : 4-point stencil for a triangle 2D
mesh.

On a 2D uniform Cartesian mesh : we recover the usual 5-point scheme.

We can show that the scheme converges, we can obtain error estimates...
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Numerical results: the orthogonality condition

Exact solution:
u(x, y) = sin(πx) sin(πy)

Centers:

Circumcenter

Center of mass

10−3 10−2 10−1 100
10−5

10−4

10−3

10−2

10−1

Slope 2

size(T )

L
2

n
o
rm

10−3 10−2 10−1 100
10−3

10−2

10−1

Slope 1

size(T )

H
1

n
o
rm

Error L2 / H1
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Numerical results: Comparison of solutions

Mesh Exact solution Approximate solution
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Application to parabolic problems

A more complex problem

Find u : (0, T )× Λ→ R s.t:
∂tu−∆u+ div(vf(u))− β(u) = 0, in (0, T )× Λ;

∇u · n = 0, on (0, T )× ∂Λ;

u(0, ·) = u0, in Λ.

with

f : R→ R Lipschitz continuous, nondecreasing;

β : R→ R Lipschitz continuous with β(0) = 0.

v ∈ C 1([0, T ]× Λ;Rd) such that div(v) = 0 in [0, T ]× Λ and v · n = 0 on
[0, T ]× ∂Λ.

Time discretization

N ∈ N∗ ⇒ Time step: ∆t =
T

N
and ∀n ∈ J0, NK, tn = n∆t.

We are looking for unK ∼ u(tn, xK).
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Application to parabolic problems
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To obtain the scheme ∂tu−∆u+ div(vf(u))− β(u) = 0

Integration

ˆ
K

ˆ tn+1

tn

(
∂tu−∆u+ div(vf(u))− β(u)

)
dtdx = 0

Implicit formulation

1

∆t

ˆ
K

(
u(tn+1, x)− u(tn, x)

)
dx−

ˆ
K

∆u(tn+1, x)dx

+
1

∆t

ˆ tn+1

tn

ˆ
K

div
(
v(t, x)f(u(tn+1, x))

)
dxdt−

ˆ
K
β(u(tn+1, x))dx = 0.

Stokes formula

1

∆t

ˆ
K

(
u(tn+1, x)− u(tn, x)

)
dx−∇u(tn+1, x) · nσK(x)dγ(x)

+
1

∆t

ˆ tn+1

tn
f(u(tn+1, x))v(t, x) ·nσK(x)dγ(x)dt−

ˆ
K
β(u(tn+1, x))dx = 0.
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Application to parabolic problems

1

∆t

ˆ
K

(
u(tn+1, x)− u(tn, x)

)
dx−

∑
σ⊂∂K

ˆ
σ
∇u(tn+1, x) · nσK(x)dγ(x)

+
1

∆t

∑
σ⊂∂K

ˆ
σ
f(u(tn+1, x))

ˆ tn+1

tn
v(t, x)·nσK(x)dtdγ(x)−

ˆ
K
β(u(tn+1, x))dx = 0.

The TPFA scheme

mK
un+1
K − unK

∆t
+

∑
σ⊂∂K
σ/∈∂Λ

mσ

dK,L
(un+1
K − un+1

L )−mKβ(un+1
K )

+
∑

σ⊂∂K
σ/∈∂Λ

mσf(un+1
σ )

1

mσ∆t

ˆ
σ

ˆ tn+1

tn
v(t, x) · nσK(x)dtdγ(x)︸ ︷︷ ︸
:=vn+1
K,σ

= 0.
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K,σ ≥ 0,

un+1
L if vn+1

K,σ < 0.
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Analysis of the TPFA scheme
Notations

Piecewise constant approximation
With each set of unknowns vT ∈ RT , we associate the piecewise constant
function

vT (x) =
∑
K∈T

vK1K(x).

Discrete L2-norm and H1-seminorm

‖vT ‖2L2(Λ)
=
∑
K∈T

mK|vK|2 and |vT |21,T =
∑

σ∈Eint

mσ

dK,L
(vK − vL)2.

Diamond cells and Discrete gradient

xK xL
Dσ

σ

∀vT ∈ RT , ∀σ ∈ E int, we set

∇TDvT
def
= d

vL − vK
dK,L

~nKL,

∇T vT
def
=

∑
σ∈Eint

1D∇TDvT ∈ (L2(Λ))2.

Link with the discrete H1 semi-norm

|vT |21,T =
1

d

∥∥∇T vT ∥∥2

L2(Λ)
.
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Analysis of the TPFA scheme
Bounds on the solutions

Proposition (Bounds on the solution)

Let unT ∈ RT be given. We assume there exists a solution un+1
T to the scheme,

then there exists M > 0 independent of size(T ) and ∆t s.t.:

sup
n≤N

‖unT ‖L2(Λ)
≤M and

N−1∑
n=0

∆t
∣∣∣un+1
T

∣∣∣2
1,T
≤M.
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then there exists M > 0 independent of size(T ) and ∆t s.t.:

sup
n≤N

‖unT ‖L2(Λ) ≤M and

N−1∑
n=0

∆t
∣∣∣un+1
T

∣∣∣2
1,T
≤M.

Proof:

Scheme

mK(un+1
K − unK) + ∆t

∑
σ⊂∂K
σ/∈∂Λ

mσ

dK,L
(un+1
K − un+1

L )

+ ∆t
∑
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Analysis of the TPFA scheme
Bounds on the solutions

Proposition (Bounds on the solution)
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Analysis of the TPFA scheme
Existence of a discrete solution

Existence of a discrete solution
Topological degree theory:

P : Find u ∈W s.t. F(u) = 0.

For any δ ∈ [0, 1], let Pδ be s.t.,
1 P1 = P;
2 for δ = 0 the problem P0 has a unique solution in W ;
3 ∃R > 0 s.t. for any δ ∈ [0, 1],

w solution to Pδ and ‖w‖W ≤ R⇒ ‖w‖W 6= R.

 Use of a priori estimates.

There exists at least one solution to P1.

Application: Pδ: Let unT ∈ RT be given.

Find wT = (wK)K∈T ∈W = RT be s.t. for any K ∈ T ,

mK
wK − unK

∆t
+
∑

σ⊂∂K
σ/∈∂Λ

mσ

dK,L
(wK−wL)−δmKβ(wK)+δ

∑
σ⊂∂K
σ/∈∂Λ

mσv
n+1
K,σ f(wσ) = 0.

1 P1 = P;
2 δ = 0:
3 δ ∈ [0, 1]: Bounds on the solution

(1− 2Lβ∆t) ‖wT ‖2L2(Λ)
+ 2∆t |wT |21,T ≤

∥∥unT ∥∥2

L2(Λ)

∆t small enough: (1− 2Lβ∆t) ≥ 1/2

⇒ ‖wT ‖2W = ‖wT ‖2L2(Λ)
+ |wT |21,T ≤ 2

∥∥unT ∥∥2

L2(Λ)
+

1

2∆t

∥∥unT ∥∥2

L2(Λ)
.
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Analysis of the TPFA scheme
Convergence

Weak convergence of the gradient (Eymard-Gallouët, ’02)

Theorem (Weak compactness)

Let (Tm)m be a sequence of admissible orthogonal meshes such that size(Tm)→ 0
and (uTm )m a family of discrete functions defined on each of these meshes and
such that there exists M > 0 satisfying

‖uTm‖L2(Λ) + |uTm |1,T ≤M, ∀m ≥ 0.

Then

There exists a function u ∈ H1(Ω) and a subsequence (uT φ(m) )m that
weakly converges towards u in Lq(Ω) (q ≥ 1).

The sequence of discrete gradients (∇Tφ(m)u
T φ(m) )m weakly converges

towards ∇u in (L2(Ω))d.

Bounds on the solutions ⇒ ∃u ∈ L2(0, T ;H1(Ω)) such that (up to a subsequence),

u∆t
T −−−−−−−−−−→

size(T ),∆t→0
u weakly in L2(0, T ;Lq(Ω)),

∇T u∆t
T −−−−−−−−−−→

size(T ),∆t→0
∇u weakly in L2(0, T ; Ω).

+ Compactness argument for nonlinear term
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Going further
How to find orthogonal admissible meshes?

Cartesian meshes: Control volumes are rectangular parallelepipeds thus
choosing xK as the mass center is OK

Conforming triangular meshes:

For a non conforming triangle mesh: orthogonality condition is impossible to
fulfill.

For a non Cartesian quadrangle mesh: orthogonality condition is impossible
to fulfill in general.

Some academic meshes that we would like to deal with
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Going further
Numerical results: the orthogonality condition

The Laplace problem -
Exact solution:
u(x, y) = sin(πx) sin(πy)

Centers:
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Going Further
Numerical results: Comparison of solutions

The Laplace problem with the DDFV scheme

Mesh Exact solution Approximate solution
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