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FINITE VOLUME METHODS

PRINCIPLE

o Based on the conservation form of the PDE:

div(something) = source.

o Integrate the balance equation on each cell I and apply Stokes formula:

/ source = Outward flux of something across the edge
K oK

= Z Outward flux of something across the edge.
edges of K

o Approximate each flux and write the discrete balance equation obtained from
this approximation.
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LAPLACE PROBLEM

NOTATIONS. GENERALITIES.

Consider the following problem

—Au=f, in A
+ B.C. on A

and an admissible Delaunay orthogonal mesh 7.
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LAPLACE PROBLEM

NOTATIONS. GENERALITIES.

Consider the following problem

—Au=f, in A
+ B.C. on A

and an admissible Delaunay orthogonal mesh 7.

FLUX BALANCE EQUATION ON THE CONTROL VOLUME K
def
m’Cf’C:/f:/—AUZ— Vu-ngx = 3 —/Vu-naic
K K oK ocCOK o
[ —
def—
= F)C,a(“)
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LAPLACE PROBLEM

LOCAL CONSERVATIVITY PROPERTY FOR THE INITIAL PROBLEM

Fr,o(u) = —F;o(u), foro=K|L.

4/18



LAPLACE PROBLEM

LOCAL CONSERVATIVITY PROPERTY FOR THE INITIAL PROBLEM
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CELL-CENTERED UNKNOWNS We are looking for ux ~ u(xx)

Notation : ur = (ux)cer € R7.
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LAPLACE PROBLEM

NOTATIONS. GENERALITIES.

LOCAL CONSERVATIVITY PROPERTY FOR THE INITIAL PROBLEM
Fi,o(u)=—F,6(u), foro=K|L.

CELL-CENTERED UNKNOWNS We are looking for ux ~ u(xx)

Notation : ur = (ux)cer € R7.

NUMERICAL FLUXES

[A family of maps ur — Fi,o(ur) in order to approximate F;C,,,(u).]

NUMERICAL SCHEME

[We look for ur € R” such that mx fx = >, Fx,o(ur) for any K € T.]
oCOK
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THE LAPLACE PROBLEM

CONSTRUCTION OF NUMERICAL FLUXES.

CASE OF AN INTERIOR EDGE o=K|L.

u(ze) — u(ze) = (Vu(z)) - (2 — 2x) + O (size(T)?)

_u(we) —uax)

(:ZTL — ZE)c) = d}ggﬁ;cc = (V'LL(IE)) ‘Nice + O (SiZQ(T))

di,c
u(wc) — u(zx)

di,c

Fr,o(u) :/ —Vu-fixe = —mq + O (size(T)?)
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THE LAPLACE PROBLEM

CONSTRUCTION OF NUMERICAL FLUXES.

CASE OF AN INTERIOR EDGE o=K|L.

u(ze) — u(ze) = (Vu(z)) - (xc — ) + O (size(T)?)

Lo u(we) —ufze)

(ZL‘L — (L‘)c) = d}g[;ﬁ;cc, = (V'LL(‘TZ)) ‘Nice d + O(SIZG(T))
K,L
- - u(ze) — u(zc) . 9
Fr,o(u)=[ =Vu- fixe = —m, —————= 4 O (size(T)?)
I di,c
F.o(ur) % —m, 2= UK
di,c

REMARK AND DEFINITION

The scheme is built so as to be conservative
FIC,O'(T) = _FL,J(T)-

We set et
Fre,c(T) E Fe,o(T) = —Fr,o(T).
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THE LAPLACE PROBLEM

CONSTRUCTION OF NUMERICAL FLUXES.

CASE OF A BOUNDARY EDGE o C OA.

o Dirichlet B.C.: v =0 on A

To — Tk = d}c,a'narc~

u(zo) — u(zr) _ 00— u(zi)

(Vu()) - nox ~ = <= Boundary data
dﬁC,a‘ d}C,o’
s Fro(u) = —m, — 27 L O(size(T)?)
d}C,o’
F o (ur) & —m, %,
dlC,o'
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THE LAPLACE PROBLEM

CONSTRUCTION OF NUMERICAL FLUXES.

CASE OF A BOUNDARY EDGE o C OA.

o Dirichlet B.C.: v =0 on A

To — Tk = d;c,al’larc~

u(zo) — u(zr) _ 00— u(zi)

(Vu()) - nox ~ = <= Boundary data
dﬁC,a‘ d}C,o’
s Fro(u) = —m, — 27 L O(size(T)?)
d}C,o’
‘ F’C’("(’U’T) déf —Mes —ux o
dlC,o'

o Neumann B.C.: Vu-n =0 on OA
By definition,

Fr,o(u) = / Vu-ngx and (Vu(zr)) nex =0, Vz€o.
o

def

FKZ,O’(UT) = 0

= scheme only given on interior edges!
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THE Two-PoINT FLUX APPROXIMATION SCHEME (TPFA)

CONSTRUCTION OF THE SCHEME.

DEFINITION OF THE TPFA SCHEME

We look for ur = (ux)xcer € R” such that
> Fxo(ur) = mxfx, VK eT,
ocCOK

Fr o(ur) = —mau, for o = K|z,
(TPFA) dic,c

Fr,o(ur) = —m, —E , for o C Ok with Dirichel B.C.,

d}C,o’
Fx,o(ur) =0, for o C K with Neumann B.C.
W

It is a linear system of N equations with N unknowns (N=nb of control
volumes in 7°) which is invertible.

o The scheme is also known as VF4/FV4 : 4-point stencil for a triangle 2D
mesh.

©

On a 2D uniform Cartesian mesh : we recover the usual 5-point scheme.

o We can show that the scheme converges, we can obtain error estimates...
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NUMERICAL RESULTS: THE ORTHOGONALITY CONDITION

EXACT SOLUTION:
u(z,y) = sin(nzx) sin(wy)

CENTERS:

o Circumcenter

o Center of mass

107 — T ——g 1[)—': — T — T T
1077 0—0—0—4/‘/' E r ]
o 1 od
£ | d I o
21073 ERG 10’1; g
L § o 1= r o 1
1074 | [ ] E b [ ] 1
L [} 1 [}
10—5 - Lol Lol L 10—3 - Lol Lol Lo
1073 1072 107! 10° 1073 1072 1071 10°
size(T) size(T)

Error L? / H!
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APPLICATION TO PARABOLIC PROBLEMS

A MORE COMPLEX PROBLEM
Find u: (0,T) X A — R s.t:

Oru — Au+div(vf(u)) — B(u) =0, in (0,T) x A;
Vu-n=0, on (0,7) x OA;
u(0,) =up, inA.

with
o f:R — R Lipschitz continuous, nondecreasing;
o B:R — R Lipschitz continuous with 3(0) = 0.

o v e % ([0,T] x A;R?) such that div(v) =0in [0,7] X A and v-n =0 on
[0, 7] x A.
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Find u: (0,T) X A — R s.t:

Oru — Au+div(vf(u)) — B(u) =0, in (0,T) x A;
Vu-n=0, on (0,7) x OA;
u(0,) =up, inA.

with
o f:R — R Lipschitz continuous, nondecreasing;
o B:R — R Lipschitz continuous with 3(0) = 0.

o v e % ([0,T] x A;R?) such that div(v) =0in [0,7] X A and v-n =0 on
[0, 7] x A.

TIME DISCRETIZATION .
N € N* = Time step: At = N and Vn € [0, N], t" = nAt.

[ We are looking for ug ~ u(t",x;c).]
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APPLICATION TO PARABOLIC PROBLEMS

TO OBTAIN THE SCHEME Oru — Au~+ div(vf(u)) — B(u) =0
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APPLICATION TO PARABOLIC PROBLEMS

TO OBTAIN THE SCHEME Ou — Au~+div(vf(u)) — B(u) =0
o Integration

gntl

/ / (atu — Au+ div(vF(u)) — B(u))dtdm -0
K Jtn
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APPLICATION TO PARABOLIC PROBLEMS

TO OBTAIN THE SCHEME Ou — Au~+div(vf(u)) — B(u) =0

o Integration
tn+1

/((t"Jrl z) —u(t" dx—// u(t, z)dtdz
K
tn+1 tn+1
Jel.

div(v(t, z) f(u(t, z)) dtda:—/ / ))dz = 0.
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o Integration
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/((t"Jrl z) —u(t" dx—// u(t, z)dtdz
K
tn+1 tn+1
Jel.

div(v(t, z) f(u(t, z)) dtda:—/ / ))dz = 0.
o Implicit formulation

Ait/ ( (t"Jrl x) — u(t" dm—/ Au(t"+l z)dx

tn+1
50 ).

/ div (v(t, 2) f(u(t™+, ac)))d:cdt—/ But™+, 5))dz = 0.
K
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TO OBTAIN THE SCHEME Oru — Au~+div(vf(u)) — B(u) =0

o Integration
tn+1

/((t"Jrl z) —u(t" dx—// u(t, z)dtdz
K
tn+1 tn+1
Jel.

div(v(t, z) f(u(t, z)) dtda:—/ / ))dz = 0.
o Implicit formulation

é/ (w(t™ ™, z) — u(t" dm*/ Au(t", z)dz

tn+1
5 ).

o Stokes formula

/ div (v(t, :L‘)f(u(t"""l,.r))) dxdt — / Bu(t™ 1, z))dz = 0.
JK K

Ait/ (u(tn+1 z) —u(t" d:lt—/ Vu(f’”rl z) - nesxc (x)dy(z)

/tn-{—l

w(t" T 2))v(t, x)-na;c(z)d'y(x)dt—/ Blu@™t, z))dz = 0.
K
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APPLICATION TO PARABOLIC PROBLEMS

TO OBTAIN THE SCHEME Oru — Au~+div(vf(u)) — B(u) =0

o Integration
tn+1

/((t"Jrl z) —u(t" dx—// u(t, z)dtdz
K
tn+1 tn+1
Jel.

div(v(t, z) f(u(t, z)) dtda:—/ / ))dz = 0.
o Implicit formulation

é/ (w(t™ ™, z) — u(t" dm*/ Au(t", z)dz

tn+1
5 ).

o Stokes formula

/ div (v(t, :L‘)f(u(t"""l,.r))) dxdt — / Bu(t™ 1, z))dz = 0.
JK K

—/ (w(t™ 1, z) — u(t™, 2)) dz — /Vu (", 2) g (x)dy(x)
K oCoK
g+l

L w(t" T ) v(t, @) nex (x x ntl =
+At/tn aca,c/f ("™, @) (t, 2) nox (z)dy(w)dt— /,B ("1, z))dz = 0.

11 /18



APPLICATION TO PARABOLIC PROBLEMS

L
At

T / a1, 2)) /

THe TPFA SCHEME

/ (e 0) — (e ) do = 5[ Va(He) g (o)dy(@)
ocCOK Jo

tn+1
v(t, x) nex (z)dtdy(z) / Blu(t™1 z))dz = 0.

n+1

u —up Mo
e BT s T ) gt
At oCoK A,z
ogOA
1 t71.+1
+ Y mafunt) —— / / V(t,2) - N (@)dtdy(z) = 0.
o COK meAt Jg Jin
oOA
=yt
Ko
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APPLICATION TO PARABOLIC PROBLEMS

THE TPFA SCHEME

wt —yn My
mpe =) = B
At oCoK di,z
ogdA
1 ¢+l
+ 2 me ) [ [ (o) nox(@)dia (@) = 0
C o o Jtn
ZeaA
. n+1
'7U)C,a
CHOICE OF u?™!
n+1l __

U

{ugﬂ“l if vpth >0,

ul T if v,ﬁj;l <0.
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APPLICATION TO PARABOLIC PROBLEMS

THE TPFA SCHEME

Wt —qyn Mo
mic TR 5 T (- ) S Bt
At oCoKk di,c
ogOA
1 tn+1
b 8 mfr ) —= [ [ v(t0) nox(@dtdy(@) = o,
o COK meAt Jo Jin
ogdA 1
UKo
CHOICE OF u?1!

(o8
1 1
et {u?’ if v,’é't, >0,

ultlif v,ré:t,l <0.

THE NUMERICAL SCHEME

Let u € R” be given. We look for u?fq € R7 s.t. for any K € T,

u —Uu mey
my— L+ ¥ (up — a2t — meBu™)
At occox di,z
ogdA
+ X mevhlfptt) =o.
CcoK
PAETIN
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PIECEWISE CONSTANT APPROXIMATION
With each set of unknowns vy € R7, we associate the piecewise constant

function

vr(z) = Z vl ().

KeT
DISCRETE L?-NORM AND H'-SEMINORM

m
HU7'||i2(A) = > mlve|*  and |U7'|%,T = Z " (vk —UL)2
KET cegmt KL

DIAMOND CELLS AND DISCRETE GRADIENT

-\ PN S Vor € R7, Vo € £ we set

def ,Vc — UK
d—=""

VIvr = Nxc,
KL
.. Lot def T 2 2
) VTur = > 1pVivr € (L2(A)2
. om \ oegint
|
LINK WITH THE DISCRETE H' SEMI-NORM

1
|UT|§,T = HVTUT||i?(A) :
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ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SO

PROPOSITION (BOUNDS ON THE SOLUTION)

Let ut € R” be given. We assume there ezists a solution u77l-+1
then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

N—-1
2
sup [lu7ll 24 S M and Z At ‘u?j—l‘ <M.
n<N =0 LT
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ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SO

PROPOSITION (BOUNDS ON THE SOLUTION)

Let u? € R7 be given. We assume there exists a solution u*

then there exists M > 0 independent of size(T) a’n,d At s.t.:

to the scheme,

sup [[ult]l 20y <M and Z At’ "+1‘ < M.
n<N

PROOF:
o Scheme
me (- )+ A S et -t
ocCOK aK,c
o OA
1 1
FAL Y mevgH f(ugtt) = meBlug™t)

oCIOK
ogdA
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PROPOSITION (BOUNDS ON THE SOLUTION)

Let v’ € R” be given. We assume there exists a solution u?-+1

then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

sup [lu7l[ 20 S M and Z At‘ ”+1‘ <M.
n<N
PROOF:
o Scheme
5t (et ) b Ar Y T (gt )
KET cCok dr,c
ogOA
+ At E@K m,,v,%‘t,lf(ufrl) = m)c/B(uZ-H))
C
pATN
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to the scheme,

sup [lull 2oy <M and Z At’ "‘H‘ < M.
n<N
PROOF:
o Scheme
> meup - )+ ALY uptt Tt )
KeT KeT o%gK d)C,C
o

FAL Y ugtt T meug f(ugt) = At 3 mucBlututt
KeT ocCOK KeT
ogOA
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ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SOLUTIONS

PROPOSITION (BOUNDS ON THE SOLUTION)
Let u € RT be given. We assume there ezists a solution u?fl
then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

N—-1
2
sup ||u’t <M and E At ’u"+1‘ < M.
nS%J‘7“L%A)— - T o=

PROOF:

o Scheme
5 meupt et — ) + AL w3 Tt )
KeT KeT oCoK A,z
o dA
+AL Y utt T meo L fup ) = At 3 meBugtuptt
KeT oCOK KeT
o dA

1 2
=5 (|

) A
L2(A)

— 22 + [t

L2(n)
+ At K%;Tug Cz;))c mevpg i f(ul ) = At K; m;cﬁ(u2+1)uz+1
zgaA
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ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SO

PROPOSITION (BOUNDS ON THE SOLUTION)

Let ut € R” be given. We assume there ezists a solution u?-+1

then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

1
sup [lu7ll 24 <M and Z At‘ nt ‘ <M.
n<N
PROOF:
o Scheme

e O R e W By

2 7 llezeay THLE@) T Tlz2(a) 1,7
+ AL S wpt? Z m vn+1f(u"+1) =At Y mmﬂ(u2+1)uz+1

KET o COK KET

o OA

o Convective term
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ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SO

PROPOSITION (BOUNDS ON THE SOLUTION)

Let u’ € R7 be given. We assume there exists a solution u?fl to the scheme,

then there exists M > 0 independent of size(T) and At s.t.:

N-1
2
sup |[u7ll 2,y <M and E At ’u?fl‘ < M.
n<N n—0 1,7

PROOF:

o Scheme
1 nt1|? n |2 ntl _ nll? n+1|?
2 (HUT HLQ(A) B ”uTHLz(A) + HuT B uTHLz(A) +At‘uT )1,7’
+AE Y utt S mool L fp ) = At S meBlutuptt
KET oCOK KET
o@OA
o Convective term
1 tn+1
%K mc,v;éfgl = E/ %K/ v(t,z) - nox(z)dy(z)dt = 0.
C tn c I
SEON SEON

13 /18



ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SO

PROPOSITION (BOUNDS ON THE SOLUTION)

Let u € RT be given. We assume there ezists a solution u?fl

then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

SE%H“?’”LH{\) <M and Z At’ n+1‘ <M.
ns

PROOF:
o Scheme

n+1 _ n+l n+1
(H HLQ(A) ”uTHLz(A) + HuT uTH}ﬂ(A)) * At‘uT ’1 T

)

+AE S w3 moo g = At 3 me Bt ugt!
KeT

KeT oCOK
oA
o Convective term
1 t’n+l
> mavztl —/ > /v(t,x)-ng;c(x)d'y(x) dt = 0.
oCOK At Jin oCoK Jo
o @on @A

=[arc v(t,2) ngxc (x)dy(z)=[ic div(v)=0
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Let u € RT be given. We assume there ezists a solution u?fl

then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

SE%H“?’”LH{\) <M and Z At’ n+1‘ <M.
ns

PROOF:
o Scheme

n+1 _ n+l n+1
(H HLQ(A) ”uTHLz(A) + HuT uTH}ﬂ(A)) * At‘uT ’1 T

)

+AE S w3 moo g = At 3 me Bt ugt!
KeT

KeT oCOK
oA
o Convective term
1 t’n+l
> mavztl —/ > /v(t,x)-ng;c(x)d'y(x) dt = 0.
oCOK At Jin oCoK Jo
o @on @A

=[arc v(t,2) ngxc (x)dy(z)=[ic div(v)=0

> movel! fuptt) = by move ! (Fupt™t) — flup™)).
oC
o OA UQBA 18 /18




ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SO

PROPOSITION (BOUNDS ON THE SOLUTION)

Let u € RT be given. We assume there ezists a solution u?fl

to the scheme,
then there exists M > 0 independent of size(T) and At s.t.:

N-1
2
sup |[u7ll 2,y <M and E At ’u?fl‘ < M.
n<N n—0 1,7

PROOF:
o Scheme

(57 s - - ) s
— | [|uw — ||l u —u Aﬂu )
o s oy, = M2, + [ —ui |, ) + Aust [
+AL S wgtt S mool V() = At S meBut ) utt
KET oCoK KET
o oA

o Convective term

> movg i) = 2 mevpt (Fun ) = flupt™))

o COK ocCOK

o dA o dA
=z mo (R T (Ft) = fup™))

oOA
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BOUNDS ON THE SOLUTIONS

PROPOSITION (BOUNDS ON THE SOLUTION)
Let u € RT be given. We assume there ezists a solution u?fl
then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

N—-1
2
sup ||u’t <M and E At ’u"+1‘ < M.
nglz)vH T||L2(A) > - T o=

PROOF:
o Scheme

n+1 _ n+l n+1
(H HLQ(A) ”uTHLz(A) + HuT uTHLz(A)) * At‘uT )1 T

)

+AE St Y meud i (up ) = At E micBlu T ut!
KeT ocCoK
o@OA

o Convective term

1 1 1 1 1 1
> uett T mevp it = 2 me (ot T (Pt = ) upt
KeT oCOK KeT cCoK

o oA o OA
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ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SOLUTIONS

PROPOSITION (BOUNDS ON THE SOLUTION)
Let u € RT be given. We assume there ezists a solution u?fl
then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

sup |[u7ll 2,y <M and Z At’ n+1‘
n<N

PROOF:

o Scheme
7 ot =z, )+ A,
u U U tlu
(H HLQ(A) I T”L2<A)+ T2 + T olnr

+AE 3wt S mout f(upth) = At E mac B ut

KeT ocCoK
o @on
o Convective term Vr €R, &(r) = /T f'(s)sds
)
> ouptt S mot et = 2% me ()T (fth) = fEth)) ugtt
KeT ocCOK KET oCOK
ocgOA o OA

b b b
b (b) — f(a)) = / (s£(5))'ds — (b— a)f(a) = / &' (s)ds + / (F(s) - f(a))ds
2 (60) = 0(@) + 77 () = F(0)* 2 (8(0) ~ 8(a).
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ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SOLUTIONS

PROPOSITION (BOUNDS ON THE SOLUTION)
Let u € RT be given. We assume there ezists a solution u?fl
then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

SE%H“?’”LH{\) <M and Z At’ n+1‘ <M.
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PROOF:
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+AE St Y meud i (up ) = At Z micBlu T ut!
KeT ocCoK
o@OA

o Convective term

> up™ Y map ) = X me ()T (Fur™) = fuEh)) upt!

KET cCOK KET oCOK
oA o @A
1 1 1
>3 T mewEth)” (®(upt) — e(uith)
KeT oCOK
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=— ¥ dpt) ¥ mougll=o0
KeT o COK
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ANALYSIS OF THE TPFA SCHEME

BOUNDS ON THE SO

PROPOSITION (BOUNDS ON THE SOLUTION)

Let u’ € R7 be given. We assume there exists a solution u?fl to the scheme,

then there exists M > 0 independent of size(T) and At s.t.:

N-1
2
sup |[u7ll 2,y <M and E At ’u?fl‘ < M.
n<N n—0 1,7

PROOF:

o Scheme
= | ||u — || u —u At‘u” ‘
o s oy, — Iy + [ =i, )+ At us |
<At Y mueBlugtugt!
KeT

o Right-hand side

2
> mieBup it < Ly [urtt |,
KeT L2(A)
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N—-1
2
sup ||u’t <M and E At ’u"+1‘ < M.
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PROOF:
o Scheme

a8 N ot =ty )+ e
u U U t|u
(H HLQ(A) I T”L2<A)+ d T2 + T olnr

<At Y mueBlugtugt!
KeT

o Right-hand side

m un+1 n+1<L H n+1H )
:c%:T A e s L2(a)

= (1-2LzAt) (H "“’

2 1
—||ul}||L2(A)>+2At’u?—+ ‘1 <2LgAt||uf]2s,,,

L2(n)
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BOUNDS ON THE SOLUTIONS

PROPOSITION (BOUNDS ON THE SOLUTION)

Let ut € R” be given. We assume there ezists a solution u77l-+1

then there exists M > 0 independent of size(T) and At s.t.:

to the scheme,

N—-1
2
sup [lu7ll 24 S M and Z At ‘u?j—l‘
n<N — 1,

PROOF:

o Scheme

(1-2LgAt) (H n+1H —||u¢||§2(A))+2At]ug+1‘l < 2L At [[u||2

2(n) L)
o Conclusion
(1—2LyAt) HUN]2 42 'S A uptt|?
b T2y "7 LT
2
<2Lg 2 At ||UT||L 2ay T (1= 2LgAl) ||u2—||L2(A)

~~ At small enough 4+ Gronwall lemma
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LYSIS OF THE TPFA SCHEME

EXISTENCE OF A DISCRETE SOLUT
EXISTENCE OF A DISCRETE SOLUTION
o Topological degree theory:

( P :Find u e W s.t. F(u) =0. J
For any ¢ € [0,1], let Ps be s.t.,
Q PL="P;
@ for 6 = 0 the problem Py has a unique solution in W;
© 3R > 0 s.t. for any § € [0,1],

w solution to Ps and |w|lw < R = |lw|lw # R.
~» Use of a priori estimates.

[There exists at least one solution to P; ]

14 /18



LYSIS OF THE TPFA SCHEME

EXISTENCE OF A DISCRETE

EXISTENCE OF A DISCRETE SOLUTION
o Topological degree theory:

( P :Find u e W s.t. F(u) =0. J
For any ¢ € [0,1], let Ps be s.t.,
Q PL="P;
@ for 6 = 0 the problem Py has a unique solution in W;
© 3R > 0 s.t. for any § € [0,1],

w solution to Ps and |w|lw < R = |lw|lw # R.

~» Use of a priori estimates.

[There exists at least one solution to P; ]

o Application: Ps: Let u € R7 be given
Find wr = (wx)xcer € W =R7 be s.t. for any K € T,
Wi — Ul Mo
me ———%& 4 (wi —we)—dmBlwc)+6 S mevE T f(we) =0
At oCok dr,c oCoK '
o OA ocgdA

SOLUT

14 /18



LYSIS OF THE TPFA SCHEME

EXISTENCE OF A DISCRETE

EXISTENCE OF A DISCRETE SOLUTION
o Topological degree theory:

( P :Find u e W s.t. F(u) =0. J
For any ¢ € [0,1], let Ps be s.t.,
Q PL="P;
@ for 6 = 0 the problem Py has a unique solution in W;
© 3R > 0 s.t. for any § € [0,1],

w solution to Ps and |w|lw < R = |lw|lw # R.

~» Use of a priori estimates.

[There exists at least one solution to P; ]

o Application: Ps: Let u € R7 be given
Find wr = (wx)xcer € W =R7 be s.t. for any K € T,
Wi — Ul Mo
me ———%& 4 (wi —we)—dmBlwc)+6 S mevE T f(we) =0
At oCok dr,c oCoK '
o OA ocgdA

Q P1="P;

SOLUT

14/18



ANALYSIS OF THE TPFA SCHEME

EXISTENCE OF A DISCRETE SOLU

EXISTENCE OF A DISCRETE SOLUTION
o Topological degree theory:

( P :Find u e W s.t. F(u) =0. J
For any ¢ € [0,1], let Ps be s.t.,
Q P1="7P;

@ for 6 = 0 the problem Py has a unique solution in W;
© 3R > 0 s.t. for any § € [0,1],

w solution to Ps and |w|lw < R = |lw|lw # R.

~» Use of a priori estimates.

[There exists at least one solution to P; ]

o Application: Ps: Let u € R7 be given.
Find wr = (wx)xcer € W =R7 be s.t. for any K € T,
Wi — Ul m
mx ———& 4 T (wi—we)—dmi Blwi)+5 3 mgv,@:t,lf(wg) =0.
At oCok dr,c oCoK
o OA ocgdA
Q PL="P;
@ 0 = 0: Linear system in finite dimension
miw + At Y (e —we) = miug.
o‘%gf di,c

= 3! a solution iif 0 is the unique solution of the homogeneous system.
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Wi — Ul m
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o OA ocgdA
Q P1="P;
Q@ d=0: Foranykx €T,
mwic + At Z Ma (’Lu;c — ’LU[;) =0.
ook dic,c

o @A
‘We multiply the scheme by wx and sum over € € T:

HwTHiQ(A) +Atlwr|] =0 = wr =0.
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[There exists at least one solution to P; ]

o Application: Ps: Let u € R7 be given.
Find wr = (wx)xcer € W =R7 be s.t. for any K € T,
wie — ug n+1
mi —— 4 T (wi —we ) —dmi Blwi ) +3 z MoK, flwg) =0.
At oCoK di,c oCo
o OA o'gtf)A
Q P1=
Qdé= 0 ! solution wr € R7 to the discrete problem Pgy;
@ se|o, ] Bounds on the solution
(1 = 2L AL) w2y + 288 lwrl} 7 < [lufr (724,
At small enough: (1 —2LgAt) > 1/2
2 2 2 n (12 1 n (2
= llwrlliv = lwrllyz,, + lwrlir < 2[[urllz,, + AT w1172 a) - va1s



ANALYSIS OF THE TPFA SCHEME

CONVERGENCE

WEAK CONVERGENCE OF THE GRADIENT (Eymard-Gallouét, ’02)

THEOREM (WEAK COMPACTNESS)

Let (Tm)m be a sequence of admissible orthogonal meshes such that size(Tm) — 0
and (u"™)m a family of discrete functions defined on each of these meshes and
such that there exists M > 0 satisfying

(”uTm”Lz(A) +lurmly,r <M, Vm= O'J

Then

o There exists a function u € H*(Q) and a subsequence (u’ $(™)),, that
weakly converges towards w in LY(Q) (¢ >1).

o The sequence of discrete gradients (V;—(m)uTMm))m weakly converges
towards Vu in (L?(Q))%.

15 /18



ANALYSIS OF THE TPFA SCHEME

CONVERGENCE

WEAK CONVERGENCE OF THE GRADIENT (Eymard-Gallouét, ’02)

THEOREM (WEAK COMPACTNESS)

Let (Tm)m be a sequence of admissible orthogonal meshes such that size(Tm) — 0
and (u"™)m a family of discrete functions defined on each of these meshes and
such that there exists M > 0 satisfying

[”uTm||L2(A) +lurmly,r <M, Vm= 0']

Then

o There exists a function u € H*(Q) and a subsequence (u’ $(™)),, that
weakly converges towards w in LY(Q) (¢ >1).

o The sequence of discrete gradients (V;—(m)uTMm))m weakly converges
towards Vu in (L?(Q))%.

v

Bounds on the solutions = Ju € L2(0,T; H'(£2)) such that (up to a subsequence),

At s 2
SN Kly in L2(0, T; LY(Q
b size(T),At—0 weakly m ( ( ))’

Viust — v kly in L2(0,T; ).
b size(T),At—0 u weakly in L7(0, T; 2)

+ Compactness argument for nonlinear term

15 /18



GOING FURTHER

How TO FIND ORTHOGONAL ADMISSIBLE MESHES?

o Cartesian meshes: Control volumes are rectangular parallelepipeds thus
choosing zx as the mass center is OK
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GOING FURTHER

How TO FIND ORTHOGONAL ADMISSIBLE M

o Cartesian meshes: OK
o Conforming triangular meshes:
We take xx =circumcenter; BUT :
o It is not guaranteed that zx € K (even zx €  is not sure).
o We can have zx = x2 for K# L = dx,c =0!
o However, the TPFA scheme still works for the Laplace equation if
(zg —zx) - Axce > 0 & Delaunay condition
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to fulfill in general.
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o Cartesian meshes: OK
o Conforming triangular meshes: OK with Delaunay conditions

o For a non conforming triangle mesh: orthogonality condition is impossible to
fulfill.

o For a non Cartesian quadrangle mesh: orthogonality condition is impossible
to fulfill in general.

SOME ACADEMIC MESHES THAT WE WOULD LIKE TO DEAL WITH

Hj}%
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GOING FURTHER

NUMERICAL RES 'S: THE ORTHOGONALITY CONDITION

THE LAPLACE PROBLEM -
EXACT SOLUTION:
u(z,y) = sin(wz) sin(wy)

CENTERS:

o Circumcenter

o Center of mass

107 — T ——g 10~ — T —

1072 E F 1

2 E 4 £ 1072 -

107t E F 1

10—5 - Lol Lol Lol 10—3 - " il Lol L

1073 1072 1071 10° 1073 1072 107! 10°
size(T) size(T)
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GOING FURTHER

['HE LAPLACE PROBLEM WITH THE DDFV SCHEME

JE N

el

TT T T I T T T TIITTT
TV VAT
T T

I
\
!

Mesh Exact solution Approximate solution
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