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Obstacle problems

Ohe(u) > O:at(u_/o- G(u,-)dW> A — f
foi(u— | Gu)aw) - Aw,), | o le>vh
K : Sonveén some B—sp)ace k= 8’(“ _/0 G(u, ')dW) +A(u,-) = f
on {u=1}.

Trajectories ot x=0.5

9 Formulations? Exist.+ Uniq.?
) Lewy-Stampacchia inequalities?

0<—k<h™

@ 3
Time(t)
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i More on the dynamics??

@ Rare events/ small noise LDP:
~+ How the stochastic perturbations effects the dynamics? (us)s02

Olc(us) > f — D (us — 5/' Glus, )dW) — A(us, )i 6> 0,20,
0

@ Invariant measures & Ergodicity?
~~ Markov semigroup properties? t — +00?

Ol (u) 3 f—at(u—/o' G(u)dW) — A(u), (1)
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i More on the dynamics??

@ Rare events/ small noise LDP:
~+ How the stochastic perturbations effects the dynamics? (us)s02

Olc(us) > f — D (us — 5/' Glus, )dW) — A(us, )i 6> 0,20,
0

@ Invariant measures & Ergodicity?
~~ Markov semigroup properties? t — +00?

Ol (u) 3 f—at(u—/o' G(u)dW) — A(u), (1)

Singularities caused by the obstacle? «~ Lewy-Stampacchia inequality v/
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Large deviations

(X2) = b(X?)+00e, XP(0) = x0 e (x)' = b(xe), x(0) = x0 J

Let D  RY where xg € D.

x¢ € D for any t > 0 and attracted to equilibrium position x, as t — oc. J

~ Does Xf have the same property with P ~ 17

m] = = =
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Large deviations

(XP) = b(XP)+0te, X[(0) = x0 e (xe) = b(xt), x:(0) = xo J

Let D  RY where xg € D.

x¢ € D for any t > 0 and attracted to equilibrium position x, as t — oc. J

~ Does Xf have the same property with P ~ 17
~ P(sup 1] < 00) =0 = | =[0,00[= Uk = Uk[kT, (k +1)T]
te[0,00]

~osup [ X0 — x| <6, d<<1
telk

— P(X? ¢ D for some t € [kT,(k+1)T]) =6
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— The behaviour of X? on I% are independent = XS ¢ D.
— The first time exit 70 ~ Exp()\) with

1
A= ?P(Xf exists from D for t € %)

X¢ exists D with P & § «~ the probability of improbable events t  +00?
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— The behaviour of X? on I% are independent = XS ¢ D.
— The first time exit 70 ~ Exp()\) with

1
A= ?P(XéS exists from D for t € %)

X¢ exists D with P & § «~ the probability of improbable events t  +00?
e Gaussian perturbations «~+ asymptotics of the form exp(55),d | 0

—1
P(d(X?, ) < 8) ~ exp(=3S(¢)) for 8,0 <<1.

"¢ is a smooth function"

S : rate function «~ Entropy in statistical mechanics.

August 31,2023 5/32



Definitions
Let E be a Polish space with the Borel o—field B(E).

Definition
A function | : E — [0, 00] is called a rate function on E if for each M < oo
the level set {x € E : I(x) < M} is a compact.

V.

Definition
A family {X%}5 of E—valued random elements is said to satisfy a
large deviation principle with rate function / if for each G € B(E)

— inf_I(x) < liminf 82 log P(X° € G) < limsup 6% log P(X’ € G)
xeGo 0—0 6—0
< - In{i I(X)a
xeG

where GO and G are respectively the interior and the closure of G in E.

v
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LDP / infinite dimensional setting

@ The variational representation for functionals of Wiener process and
LDP ~» A.Budhiraja and P.Dupuis 20":
LDP and the Laplace principle, weak cv method.

e Sufficient condition to prove LDP: Matoussi, Sabbagh and Zhang 21’
~> Reflected measure, penalization, weak cv.

~> Quasilinear obstacle problems!
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Notations

For N e N:
.
Su={oe 2O T [ I6(s)lFs < N},

-
A= {v; v: Q7 — Hy, predictable P(/0 [v(s)||3,ds < o0) = 1},

Ay ={ve A:v(w) e Sy P-as.}.
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) 0
~ g g
Let g% : C([0, T], H) — E be a measurable map such that g?(W(-)) = X?.
Suppose that there exists a measurable map g° : C([0, T], H) — E s.t.

@ For every N < oo, any family {v® : § > 0} C Ay and any € > 0,

lim P(p(Y?,Z°) > €) =0,
0—0

1
where Y? = g (W() + S fgvids), Z° = g°(J; vids) and p(:,")

stands for the metric in the space E.

@ For every N < oo and any family {v% : § > 0} C Sy satisfying that vs
converges weakly to some element v as § — 0,

go(/. vids) — go(/. vsds) in the space E.
0 Jo
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LDP for obstacle problems (P)
DCRY T >0 V=WP(D);H=L2D), (QF,P;{Ft}t>0) is given.

dus + A(us,-)ds + ksds = fds + 6 G(-, us)dW,é > 0 in DxQr,
us(t=0)=up in D,

us > 1 in DxQr,
us =0 on 9D x Qr,
(ks, us — 1) viv=0and —k;se€ (V/)+ ae. in Qr.

X5 := (us, ks). In particular, {X;s}s takes values in

(C([0, T]; H)Y N LP(0, T; V)) x LP'(0, T; V') P — as.

(C([0, T]; H)NLP(0, T; V),|-|1) is a Polish space with the following norm
T 1/p
=glr=sup IF —gln+ ([ I -glbas) "
telo, 0

~~ Y.Tahraoui and G. Vallet: Lewy—Stampacchia’s inequality for a stochastic T-monotone
obstacle problem, Stoch PDE: Anal Comp 10, 90-125 (2022). J
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Assumptions (LDP)

o W(-)is a {Ft}t>0-adapted Q-Wiener process in H.

e max(1, d2—f2) < p < +o0.

Q1/2H
A~
Hi : Let AtV x[0,T] = V', G:Hx[0,T]— Lo( Ho ,H).

H, : Ais T-monotone, coercive, hemicontinuous +growth.

Hs : G is Lipschitz w.r.t. v € H and ||G(0, -)||%2(HO’H) < 0.

Ha o € L0, T; V), 22 e [P0, T; V') and G(v),-) = 0.

T T E—



Assumptions (LDP)

o W(-)is a {Ft}t>0-adapted Q-Wiener process in H.
e max(1, d2+2) < p < +o0.
Q1/2H
~~
Hy i Let AtV x[0,T] = V/, G:Hx[0,T] = Lo( Ho ,H).

H, : Ais T-monotone, coercive, hemicontinuous +growth.

Hs : G is Lipschitz w.r.t. v € H and ||G(0, -)||%2(HO’H) < 0.

Hy € L°(0, T; V), ‘j;f e LP(0, T; V') and G(v,-) =
~» max(1, d+2) <p<2!

Hs : f€L7(0, T; V') st. f—0pp — A, -) € LP(0, T; V)*.

He : up € H satisfies the constraint, i.e. up > 1(0).

I E—



Main result

/ the existence of a Borel-measurable map !

g’ C([0, T]; H) = C([0, T]; H) N LP(0, T; V); us = g®(W) P — as. |

M. Réckner, B. Schmuland and X. Zhang: Yamada-Watanabe theorem for stochastic
evolution equations in infinite dimensions. Condens. Matter Phys. 54, 247-259,-2008:
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Main result

/ the existence of a Borel-measurable map !

g’ C([0, T]; H) = C([0, T]; H) N LP(0, T; V); us = g®(W) P — as. |

—g%7 : Let ¢ € L2([0, T]; Ho), 3!(y?, R?) s.t.

¢
==+ Ay, )+ R =Ff+G(,y?)¢ in V', y?(0) =up in H,

y? > ae in Dx[0,T], (2)
—R? € (V')F 1 (R?,y® — )1y =0 ae. in [0, T].

"the skeleton equations"

M. Réckner, B. Schmuland and X. Zhang: Yamada-Watanabe theorem for stochastic
evolution equations in infinite dimensions. Condens. Matter Phys. 54, 247-259,-2008:

gt 31 2025123



Definition

The pair (y?, R?) is a solution to (2) if and only if:
o (y? R?) € (LP(0, T; V)N C([0, T]; H)) x LP'(0, T; V'), y*(0) = ug
and y? > 1.

e —R? e (L (0, T; V)T and /0T<R¢,y¢ —)ds =0 .
e Forall t €0, T],
(y¢(t),<b)—|—/Ot(R¢,d>>ds+/()t<A(y¢,~),¢)ds

= (up, ) +/0t(f+ G(-,y?)p,®)ds, Vb e V.

T —



Theorem

J(y?, R?) to (2). Moreover, the following L-S inequality holds:

0< ddLj+A(y¢’.) — Gy, Vp—F<h™ =(f— 80— A[,))" . (3)

I —



Theorem
J(y?, R?) to (2). Moreover, the following L-S inequality holds:

¢
o<ddL+A( )= G ) —F<hm = (F— 0w — A,)". (3)

v/ Define the measurable mapping g° as follows
g% :C([0, T]; H) — LP(0, T; V)N C([0, T]; H)
/ pds > g° / ¢ds) :=y? for ¢ € L2([0, T]; Ho),  (4)

where y? € LP(0, T; V)N C([0, T]; H) is the unique solution of (2).

I —



Result "LDP"

Theorem

Assume Hi-Hg hold. Let {u®}s-q be the unique solution of (P). Then
@ {u’}s satisfies LDP on C([0, T]; H), as & | 0, with the rate function I.

@ If moreover H; holds. Then {u®}s satisfies LDP on
C([0, T]; H)NLP(0, T; V), as 6 | 0, with the rate function 1.

1) = G [ 196y i=y?=a([ 9do)).

{¢€L2([0 T] Ho)}

Hz : At e R,da > 0:Vwvi,vo € V
(A(v1, ") = A(va, ), v — v2) > @llvi — w2l — Ar[vi — wal[fs.

T E—



Outline of the proof

a-The Skeleton equation

dy? : .
%+A(y¢7)+R¢:f+G(7y¢)¢ In V’,y¢(0):uo in H,
y? > ae in Dx[0,T],

—R? € (V)T : (R?,y® — )y vy =0 ae. in [0, T].

@ Uniqueness «~ monotonicity+ Lipschitz multiplicative noise.

o Existence & L-S inequalities: Regular data — general data
v Talk by Guy Vallet at 14:00

T —



Outline of the proof

a-The Skeleton equation

dy? : .
%+A(y¢7)+R¢:f+G(7y¢)¢ In V’,y¢(0):uo in H,
y? > ae in Dx[0,T],

—R? € (V)T : (R?,y® — )y vy =0 ae. in [0, T].

@ Uniqueness «~ monotonicity+ Lipschitz multiplicative noise.

o Existence & L-S inequalities: Regular data — general data
v Talk by Guy Vallet at 14:00

e max(1, dz—_ﬁg) <p<2em G(oy?)p o L°(.;) in Hy + Hs!

T —



b- Continuity of skeleton equations

Let {v®:d > 0} C Sy satisfying that vs — v as § — 0. Then
o g(J; v2ds) converges to g%(J; vsds) in the space C([0, T]; H),
@ If moreover H7 holds, then

go(/o' vids) - gO(/O' vsds) in LP(0, T: V) C([0, T]; H).

Let (¢n)n C Sw such that ¢, — ¢ in L2(0, T; Ho).
Vo — y® in LP(0, T; V)N C([0, T]; H)?

yn and y? resp. are the solutions of (2) corresponding to ¢, and ¢ resp.

T —



A priori estimates «~ L-S inequalities v/
Convergence of y,, — y in L?(0, T; H) e~ Compactness
Boundedness of (¢,) & weak cv+ strong cv y, — y in L2(0, T; H).

Monotonicity = convergence of y, toy.

cv of y, and y = yPens Uniqueness v

T —



c- vanishing multiplicative noise § | 0
Assume Hy — Hg. Let {¢? : § > 0} C Ay for some N < co. Then

lim P( sup ||(vs — us)(t)||n >€) =0, Ve>D0.
6—0 te[0,T]

Moreover, if H; holds, then gimo P(lvs — us|T >€) =0, Ve>D0.
—>

—£ WO +5 [ F6)d) = W),
—g°(¢5)-

T E—



Let {¢°}s0 C Ap for some N < oc.

o Girsanov theorem == 3 Q-Wiener process W?, with respect to
{Fit}t>0 on (Q, F, P?) where

WA(t) = W(t) +%/ot ¢’(s)ds, te 0, T]and

aPS = el [, WY~ 555 [ 169 aslaP. (5)

v = W) + 5 [ 07(s)ds) = g (W),

T T —



Let {¢°}s-0 C Ap for some N < oo.

o Girsanov theorem =—> 3 Q-Wiener process W?°, with respect to
{Fit}t>0 on (Q, F, P‘s) where

Wo(t) = W(t) +(15/0t $(s)ds, t e [0, T] and
aPS = el [, WY~ 555 [ 169 aslaP. (5)
vy = g (W) + 5 5 60 (5)ds) = &7 (W),

@ Uniform estimates for (vs) and (us): ¢ is "deterministic"!
L-S not preserved «~s POl

@ Conclusion.

T T —



Invariant measures

Morkovian process

tli)m P;éy, for given transition probability (semigroup) P:?
oo

Convergence to equilibrium? (strongly mixing, Exponential- - -).

Ergodicity: for any o € L2(H, 1)

"Temporal" average of P:;yp coincides with the "spatial" average of . J

T E—



Invariant measures (T — +00)

du + A(u)ds + kds = fds + G(u)dW in DxQr,
u(t=0)=uwin D; u>7 in DxQr,
u=20 on 9D x Qr,
(kyu—1)yy=0and —ke (V)" ae in Qr,

@ A:V—= V' and G: H— Ly(Ho, H) are measurables.

@ A is T-monotone, coercive, hemicontinuous + growth.

0 0,0 € H: ||G(0) ~ G(0) |13 1) < LcllO — oll3:
1G(0, ')|’%2(H07H) < 0.

e pc Vand G(¢) =0, f € V' such that f — A(¢y)) = h e V*.
@ up € H satisfies the constraint, i.e. uy > .

I —



Theorem
3l(u, k) to (6). Moreover, the following L-S inequality holds

0<a(u- /0 G(u)dW) + A(u) — F = —k < h™ = (F — A@W))". (7)

I —



Theorem
3l(u, k) to (6). Moreover, the following L-S inequality holds

0<a(u- /0 G(u)dW) + A(u) — F = —k < h™ = (F — A@W))". (7)

~» Let € > 0 and consider the following approximating problem:

{ ue(t) + /Ot(A(ue) _ %[(uﬁ — )T = F)ds = uo + /ot G(u)dW(s)

up = ,(b?
(8)
where § = min(p,2) and G(u.) = G(max(ue,1)).
~+ Let ue and u, respectively are the unique solution of (8) and (6):
E sup ||(ue — u)(t)||3 < Ce forall e >0, (9)

te[0,T]

I —



Markov semigroup

Let € > 0 and uc(t,s;&),t > s > 0 be the unique strong solution to (8)
starting at time s from an Fg-measurable initial data £ € H. Let T > 0,

Ellue(t,s; €) — uc(t,s; 0)]|3 < elleT2AE=9)E | — 912, VO<s<t<T. J

e Cp(H) : the set of bounded continuous function from H to R.
Pip: H—=R; (Pip)(€) :=Elp(uc(t: §))], &€ H,p e Ch(H),

where u(t;£), t > 0 is the unique strong solution to (8), £ € H.

T E—



Markov semigroup

Let € > 0 and uc(t,s;&),t > s > 0 be the unique strong solution to (8)
starting at time s from an Fg-measurable initial data £ € H. Let T > 0,

Ellue(t,s; €) — uc(t,s; 0)]|3 < elleT2AE=9)E | — 912, VO<s<t<T. J

e Cp(H) : the set of bounded continuous function from H to R.

Pio: H = R;  (Pip)(§) :=Elp(uc(t:€)), €€ H,peCp(H),

where u(t;£), t > 0 is the unique strong solution to (8), £ € H.
e Standard arguments —

Pet=Pot—s V0O<s<t<ooand P{:=Fg,,

Elp(ue(t + s:n))|Fel = (Psp)(uc(tin)) Ve € Co(H),Vn € H,Vt,s >0,

T —



e Denote by Pg ,0(§) := E[p(ue(t,s;:€))], £ € H.

(Pts)(n) = (Pe(Pse))(n) Ve € Co(H), Vi € H,Vt,s > 0.

Solution of (8) defines a homogeneous Feller—Markov process. |

T T —



e Denote by Pg ,0(§) := E[p(ue(t,s;:€))], £ € H.

(Pts)(n) = (Pe(Pse))(n) Ve € Co(H), Vi € H,Vt,s > 0.

Solution of (8) defines a homogeneous Feller—Markov process. J

Ky={heH, h>qy} ]

o Let n € Ky and u(t;n) € Ky, t > 0 be the unique strong solution to (6).
E|lu(t,s;€) — u(t,s; 0)[|7 < el e AR |c — 9|3 vo<s<t<T,

[u(t,s;€)]e>s>0 is the unique strong solution to (6) with u(s) =& € K.

I —



Semigroup for the obstacle problem

~+ u(t;n), t > 0 be the unique strong solution to (6) starting from 7 € K.

Prp: Ky = Ry (Pep)(n) = Elp(u(t:in))], 1€ Ky YoeCp(H). |

2. Zambotti. A reflected stochastic heat equation as symmetric dynamics with
respect to the 3-d Bessel bridge. JFA, 180(1), 195-209, 2001.
Avgust 31,2003 2632



Semigroup for the obstacle problem

~+ u(t;n), t > 0 be the unique strong solution to (6) starting from 7 € K.

Prp: Ky = Ry (Pep)(n) = Elp(u(t:in))], 1€ Ky YoeCp(H). |

Lemma

(P:)t is bounded on Cp(H), Markov-Feller and stochastically continuous
semigroup on Cp(Ky). Moreover, for ¢ € Cp(H),n € Ky, and t,s > 0:

lim(Pio)(n) = (Pee)(m), (Prrse)(n) = (Pe(Ps))(n)

e—0

v

Ptist = Pso, Pesp(n) = Elp(u(t,s;n))] for 0 <s <t < oo, Py :=Pyy. J

e Convergence in law for u, cv of (P¢). and [Lemma 1] 2.

2. Zambotti. A reflected stochastic heat equation as symmetric dynamics with
respect to the 3-d Bessel bridge. JFA, 180(1), 195-209, 2001.
August 31,2023 26/32



Definition
Let (P:): be a Markov semigroup on H.

@ a probability measure v is said to be invariant for P; if:

/ Prodyv :/ pdv, Yy € Bp(H) and t > 0.
H H

@ Let v be an invariant measure for P;, v is ergodic if:

. 1 /7 5
im = /0 Pepdt = /H oOuldx), Yo € L2(H, ).

@ P, is strongly mixing if: t—I;T P:o(x) =/ o(x)p(dx) in L2(H, p).
00 H

v

T E—



Theorem

Under the above assumptions Hi-He:
@ There exists an ergodic invariant measure p for (P:): if p > 2.
@ Assuming p = 2 and there exists & > 0 such that

+ K?)

(1= 6)a— Cp[r + LSEEKT)

e |t > a for some § €]0,1[,VK >0

then there exists an ergodic invariant measure . for (Pt);.

Moreover, 1 is concentrated in V' satisfying / x| pe(dx) < +oo0.

Cp>0: |ullfy < Colluly, VueV, ]

T E—



Theorem

Under the above assumptions Hi-He:
@ There exists an ergodic invariant measure p for (P:): if p > 2.
@ Assuming p = 2 and there exists & > 0 such that

Le(1+ K?)

(1-8)a - oA+ —S5

then there exists an ergodic invariant measure . for (Pt);.

Moreover, 1 is concentrated in V' satisfying / x| pe(dx) < +oo0.
JH

|t > a for some § €]0,1[,VK >0

Cp>0: |ulfy < Cpllully, VueV,
Lo(1+ K2
Assuming max(1, dz—fz) <p<2and A+ G(;z) < 0. Then there
exists an invariant measure p for (P;)¢!
August 31,2023  28/32



1 [t
The set {v, == t_/ wlds; ne N*} is tight on H.
n JO
wd is the law of u(s;n)

1 t 1
E]EHU(f)H% +(1- 5)04/0 El|ul|yds < EHUH% + C(p, £, 9, Lo)t

LG 1—|—K2
(k> 0)+ 1+ S0 [Elulfos

T T —



1 [t
The set {v, == t_/ wlds; ne N*} is tight on H.
n JO
wd is the law of u(s;n)

1 t 1
E]EHU(f)H% +(1- 5)04/0 El|ul|yds < EH’WH% + C(p, £, 9, Lo)t

LG 1—|—K2
(k> 0)+ 1+ S0 [Elulfos
Let Bg:={ve V:|v|ly <R};ReN. Let t, >0,R > 0.
1 [t
n(B) =1 [ PUutsinlly > R)ds < o [ Blutsimlf s

n

~» "Krylov—Bogolyubov method" = Exist. of an invariant measure v/
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1 [t
The set {v, == t_/ wlds; ne N*} is tight on H.
n JO
wd is the law of u(s;n)

1 ¢ 1
SElu(®) i+ (1= 9)a [ Ellullyds < Slnlfy + C(p. £, L)t
LG 1+ K2
(k> 0)+ 1+ S0 [Elulfos
Let Bg:={ve V:|v|ly <R};ReN. Let t, >0,R > 0.
1 [t
n(B) =1 [ PUutsinlly > R)ds < o [ Blutsimlf s

n

~» "Krylov—Bogolyubov method" = Exist. of an invariant measure v/

Up— p = / l|Ix]|% p(dx) < +00 = p is ergodic.
"Krein—Milman theorem".

T —



Theorem

Assume moreover that & + A1 <0, then there exists a unique ergodic
and strongly mixing mvarlant measure . and the following convergence
to equilibrium holds.

Peo) = [ ()] < Cllollsel £ 97, Vo e clH).  (10)

v

~ Difference of two ergodic invariant measures.
~» Continuity of P; w.r.t. initial data.

August 31,2023 30,32



Theorem

Assume moreover that %G + A1 < 0, then there exists a unique ergodic
and strongly mixing invariant measure 1. and the following convergence
to equilibrium holds.

L
P = [ elnuldy)] < Cllplhawel S 711, vp e ch(h).  (10)

v

~ Difference of two ergodic invariant measures.
~» Continuity of P; w.r.t. initial data.

du — [div(|Vu|P?Vu)—uldt+kl(, o,dt = fdt + udBe, u>0;
uo € (L3(D))*, —f € (L*(D))* (p=>2)

August 31,2023 30,32



Comments

o Condition on Lg «~ multiplicative noise.
@ G(1)) = 0 «w dual order assumption.

@ LDP via standard method «~ Reflected measure?
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Comments

Condition on Lg «~ multiplicative noise.
G(v)) = 0 e~ dual order assumption.

LDP via standard method «~+ Reflected measure?

2d
7 d42

max(1 ) < p < 2 «~ Local monotone obstacle problem!

~> Example? Only additive noise but...!
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Comments

Condition on Lg «~ multiplicative noise.
G(v)) = 0 e~ dual order assumption.

LDP via standard method «~+ Reflected measure?

2d
7 d42

max(1 ) < p < 2 «~ Local monotone obstacle problem!

~> Example? Only additive noise but...!

Obstacle nonlinear problem with rough forcing e.g. W(t)? ~» Open!

Additive noise & invariant measures.
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Thank you for your attention!

ﬁ Yassine Tahraoui: Large deviations for an obstacle problem with T-monotone
operator and multiplicative noise. (2023)
available on arXiv: https://arxiv.org/abs/2308.02206

@ —: Invariant measures and ergodicity for T-monotone problems with constraint
and multiplicative noise. "preprint"
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