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Signorini type problems
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Apply a force without plate with plate
on membrane  (no obstacle) (obstacle) Equilibrium configuration:

elastic body resting on a plane
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TObstacle problems

Stefan type problems
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TObstacle problems

Stefan type problems

But also constraints in :
fluid flow in porous medium: contraint on the pressure to get or not a gas phase,

Model with constraints for vehicular traffic jams,

A free set: where/when the solution equals the constraint.
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Free set {u = ¢}

A an operator to precise later
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Penalization :

1
Auef;(uc —) =f

Free set {u = v}

Auc—f= ") =0

€
e 0.

Auz>f, uzv

& (Au—f)u—v¢)=0
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Free set {u = ¢}

Lewy-Stampacchia’s inequalities:

Penalization :

1
Auc—f=—(u.—v) >0

€

Auzf, uzv
& (Au—f)(u—v¢)=0

p=Au—f>0 & pu—1)=0

0<Au—f < (Ap—f)*

ies for obstacle p
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AV = W(§7P(D) -V orV = W(;'N(D> NL*(D)orV = W(I)T/)(\.)(D)
ur— Au = —div<a(', u, Vu))

Leray-Lions pseudomonotone operator, + coercive, + growth conditions
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AV =W (D)= V or V.=W,"(D)NL*(D) or V = Wy "™ (D)
ur— Au = —div<a(-, u, Vu))

Leray-Lions pseudomonotone operator, + coercive, + growth conditions

Test with u, — 1: ue —u, Auc — X, (Me - 1/1)_ —0
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AV =W,"(D) =V or V.=W,"(D)NL*(D) or V = Wy "™ (D)
u— Au = —diV(a(-, u, Vu))

Leray-Lions pseudomonotone operator, + coercive, + growth conditions

Test with u, — 1: Ue = u, Aue — X, (Me - 1/1)_ —0

Test with u, — u: lim sup (Auc,u. —u) <0

= lim (Aue, ue) = (Au,u) & x =Au
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AV =W,P(D) =V or V.=W,"(D)NL*(D) or V = Wy "™ (D)
u— Au = —div<a(', u, Vu))

Leray-Lions pseudomonotone operator, + coercive, + growth conditions

Test with u, — 1: ue = u, Aue — X, (Me - 1/1)_ —0

Test with ue — u: lim sup (Auc,u —u) <0
= lim (Auc,uc) = (Au,u) & x =Au

1 —
pei=—(ue—v)" =Auc—f = p=Au-f>0 iV
€

. u>v & (uu—1)=0.
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AV =W"(D) =V or V.=W,"(D)NL*(D) or V = Wi (D)
u— Au = —div(a(-, u, Vu))

Leray-Lions pseudomonotone operator, + coercive, + growth conditions

Rmk. u>v & p=Au-—f:

"w>0, (pu—1)=0 <"v>y = (uv—u >0
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OS'LL:AM—JCS(AV)_JC)Jr

Dual-order assumption:
AYp—f=h —h~, hE>0 inV. J
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0<pu=Au—f< (Al [)

Dual-order assumption:

The “classical” case: A is strictly monotone [J.-F. Rodrigues et al.].

Set v solutionto: Av=f-+h", v<u (same type of problem)
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O0<p=Au—f<(AL—f)"

Dual-order assumption:
Ap—f=/1 —h", hE>0 inV. J

The “classical” case: A is strictly monotone [J.-F. Rodrigues et al.].

Set v solutionto: Av—=Ff-+h", v<u (same type of problem)
s Dy > i) (Av—Auy—u) <O - di)u=v -

V) 0> AN=Au—f—h", Au—f < ht!
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!!!l ! '!l!l!!!!m! ! lll!!l!ll!!! Ap—f=ht—h"

Au = —div]a(x,u, Vu)] pseudomonotone: (sirictly monotone in Vi only)
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!!!! ! '!l!"!!!!m! ! m!!!!l!!!! Ay —f=ht—h~

Au = —div[a(x, u, Vu)] pseudomonotone: (strictly monotone in Vi only)
i. If0 < ht € L2(D). fre = L(ue — )™ = Auc — f

Test Auc —Ap — '(uc—) =h=—n"  with .
€

1
(A= A0 we =)+ 5 [ (=0 P

1 1
=——(h, (ue =) Y+~ | W (u. — 1)) dx — . bounded in L2
/
JD
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!!!! ! '!l!l!!!!m! ! m!!l!“!!! AYp—f=ht —h™

Au = —div[a(x, u, Vu)] pseudomonotone: (strictly monotone in Vi only)

i. If0 < ht € L2(D). fre = L(ue — )~ = Auc — f

Test Auc —Ap — L(ue — )™ =h= —h™  with p.

= Av nc= ) ) + 5 [ (=) P

€

1 1/
sz(hf,(ug—q/;)fwrf/ It (ue — )" dx —  pe bounded in L?
€

€ D

<0

0 < pre=h" —(h" —pe) <ht + (BT —pe)”
N————

—0  (rechnical!)
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A —f =+ —h-
Au = —div[a(x, u, Vu)] pseudomonotone: (strictly monotone in Vi only)

i. If0 < ht € L2(D). fre = L(ue — )~ = Auc — f
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!!!l ! '!l!l!!!!m! ! m!!l!l!l!! Ap—f=ht—h"

Au = —div[a(x, u, Vu)] pseudomonotone: (strictly monotone in Vi only)
i. If0 < hif € L*(D).

Uy >0, Aty —fo = fns 0<Au, —fu < (A —fi) " =ht.
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A —f =+ —h-

Au = —div[a(x, u, Vu)] pseudomonotone: (strictly monotone in Vi only)
i. If0 < hif € L*(D).

Up 2, A — fu = pin, 0 < Au, —f < (AY = )" = hyf.

iil. 0 <At — hTin V. 0 < pn <hf = p,boundedin V'
—_—

PEV, p=pT —p~ |
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!!!! ! '!l!"!!!!m! ! m!!!!l!!!! Ay —f=ht—h~

Au = —div[a(x, u, Vu)] pseudomonotone: (strictly monotone in Vi only)
ii.0<hF—hTinV. 0 < pn <hS = p,bounded in V'
—_——

PEV, p=pT —p~

V = W,”(D) [A. Mokrane & F. Murat 98-04], } + conditions on
V = W "™ (D) [A. Mokrane & G. V. 14] a(x,u, X)—a(x, v, X).

V= WO’p ( ) [A. Mokrane, Y. Tahraoui & G. V. 18]

a(x,u, Vu) = a(x, max(u, ), Vu) J

&  Dbilateral problem.
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g = min(2,p)
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Test with u, — 1

1 _

lluellcqo, .2y + Nuellro,r,vy + m”("e — ) e <C J
Ue = u>1 Aue —
17(0,T,V) & L=(0, T, [*) — x 70,7,V
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Test with u, — 1

1 _
luclcqoney + ludlvory + 7l =9) o <€
Ue = u > Aue = x
17(0,T,V) & L=(0,T,L?) — « L’ 0,T,V")

A three-terms equality

Oue =f —Xudr% {(ue - w)‘]q_l

bounded “:{7 2

7117




Dual-order assumption: l

Test with —(ue — ) ~:

(01(ae—), ~ (e = 9)7) — (A=A, Gec = 9) ) + <l = ) Wy
=0+ A0 —f, (e =) 7)< (W (1 =) 7)
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the € e e -

Dual-order assumption: l

Test with —(ue — 1) ~:

<8t(u€_1/})’ _(ue - ¢)_> — (Au.—~Av, (”e - ¢)_> + é”(ue - ¢)_||1({q(D)
(0 +Av £ lu=9)7) < [ W= v)a

i.0<ht eL?(Q).

1 _ ,
e =) f <€ = Ome bounded IV(0,7.V')

& Aubin-Lions-Simon
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Dual-order assumption: l

i.0<nteLl(Q).

1 _ ,
e =) If <€ = Owme bounded LV'(0,7.V')

&  Aubin-Lions-Simon
L T =G4 T )| < €O L)

= Minty + conv. in measure of gradient

El(uv.u‘)ea '421/), ,U'ZOa /1’(“_1/}):0’ 6fu+Au—f:M20J
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Dual-order assumption: l

i.0<ht el (Q).

3(“7“’)65 uZ’l/), /*LZO, N(U—¢)=0a atu+Au_f=,u’ZOJ

> (h+ — (. — 1/1)_]‘1_1)_ -0 (technical!)

€
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e € € €
oY +AY —f=ht —h~, hE>0 inLl’(0,T,V)

L0<hfeli(Q). Iuy,pm) e W(O,T)xLF0,T,V),
Mn2¢, Ogatun +Aun —f,,zu,,gh;:_
ii. 0 < bt — ht in L7'(0,T, V).

u, boundedin C([0,T],L*(D)) and L’(0,T,V)
= Au, boundedin L”(0,T,V’)

0<p,<ht = Ou, boundedin L (0,T,V).
peLP(0,T,V), p=p" —p !
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D C RY  bounded Lipschitz domain

{u € [2(0, T; Wi (D)), Bu € I/ (0,T; W_I’P'(D))} < ¢([0,T], L2(D)).

Chain rule with ~ (Qu, U(t,x,u)).

h
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= O — divia(t, x,u, Vu)| —
FeLN@)+ L (0,T,V))  ueL'(D)
Dual-order assumption: f—0b—A@W) = gt —g .

0< g eL'(Q)+1(0,T,W ' (D)).

Definition (Entropy solution)

L p ia’s inequalities for obstacle p
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I” . !ara!ollc pro!lem w1!! !“ !a!a 1= O — div!a!t, X, i, Vu!l —f

feLlQr)+ I (0,T,V)  upeL'(D)
Dual-order assumption: f-0w—AWW)=g"—g,

0<g* el Q)+ (0,7, w " (D)).

Exists:  (g) C 17 (0,7, W, ' (D))*
¢t gt in LYQ)+ 1/ (0,T,Ww ¥ (D))
=>E|(u,,,u,,)€~~ "'Ogﬂn<gr—:_

Pb.:
inequality and not equality

LYQ) + ' (0,7, W= (D)) ¢ (L=(Q)NLP(0,T,W," (D))’
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Definition (Renormalized Lewy-Stampacchia’s inequalities)

Theorem (Renonnalized techniques O. Guibé, Y. Tahraoui, G. V. (sub.))




- 0
Au = —div[a(w, t,x,u, Vu)]  monotone (+ coercive + growth cond.)

fe LI’/);:(QT, V'), Qr =Qx(0,T), P for predictable)

g = min(2, p)
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12717




- 0
Au = —div[a(w, t,x,u, Vu)]  monotone (+ coercive + growth cond.)

fe LI’/);:(QT, V'), Qr =Qx(0,T), P for predictable)

g = min(2, p)

It6 energy:

E””e”c([o 7,2 T E”“e”iv(o,r,v) + éE”(”e ¥)” ”Lq(Q) J
Ue = u > Au, — x
10,(Q, V) & L2(,L°(0,T, L)) — * 2, V')
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Dual-order assumption :

i. h" regular : Itd formula to simulate ||(ue — 1) ||,

1 _ _ . ’ /
[he = _E[(ue —)7]1"" boundedin L% (Qr,L7 (D))

= (u.) Cauchy in L*(,C([0,T],L*(D))

= x = Au Minty.

Le p ia’s inequalities for obstacle p

13/17



Similarly
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Ju € Ly(Qr, V) NLH(Q,C(0,T], L)), 1€ Lh(Qr, 17 (D)), u(0) = o,
w=>0, u>v, pu—19)=0, du+ [Au—yp|dt=fdt+ G(u)dW.

Similarly

I e L5 (Qr, V)N LHQ,C([0,T], L), A€ L‘;;(QT,L‘I' (D)), v(0) = uo,

A<0, v<=u, Ayv—u)=0, dv+[Av-\dt=(f+h")dt+ Gv)dW.

Uniqueness method: u =v

h™ regular
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.0 <htelh(QrLY (D). 3u.,p)e--,

OS(’),(M —/‘G(u )dW)+Au —f = <ht
0

Le p ia’s inequalities for obstacle p
A
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IL Lewy Stampacchia

1.0 < ht € Lh(Qr, LY (D). taypin) € -+,
0<o, (u,, — / G(un)dW) + Auy — fn = pn < hif.
0

6.0 <t =kt in L(Qr, V).

L p ia’s inequalities for obstacle p
A
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P. ewy-Stampacchia

1.0 < ht € Lh(Qr, LY (D). taypin) € -+,
0<9 (un — / G(u,,)dW) + Au, — fr = pn < bt
0
.0 < hf =t in L (Qr, V).

0 <, <h! boundedin LI, (Qr, V)
= (u,) Cauchy in L*(Q,C([0,T],L*(D))
= Au, — Au Minty.

... the result holds [Y. Tahraoui, G. V. 21].
Rmk. Need of an equation (i.e. u) to apply 1t6’s formula
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“The psendomonotone case

SPDE with constraints and a pseudomonotone operator

Compactness methods in stochastic: Prokhorov and Skorokhod

16:00 Niklas Sapountzoglou,

& Yassine Tahraoui, GV, Aleksandra Zimmermann
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Hyperbolic SPDE with constraints (I Biswas, Y. Tahraoui, G. V. 23)

du — divf(t,x,u) + A = g(t,x,u) + G(t,u)dW, 0 <u <1

with suitable assumptions.

Definition (Entropy obstacle formulation)

Lewy-Stampacchia’s inequalities for obstacle problems 17117
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“The hyperbolic case

Hyperbolic SPDE with constraints (I. Biswas, Y. Tahraoui, G. V. 23)
du — divf(t,x,u) + A = g(t,x,u) + G(t,u)dW, 0 <u <1

with suitable assumptions. A=A — A\,

Theorem (Lewy-Stampacchia’s inequalities)

L p ia’s inequalities for obstacle p
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| Ee Eypergollc case

Hyperbolic SPDE with constraints (L Biswas, Y. Tahraoui, G. V. 23)

du — divf(t,x,u) + A = g(t,x,u) + G(t,u)dW, 0<u<1

with suitable assumptions. A=A — A,

Uniqueness:
Kruzkhov’s doubling variable (importance of having Lagrange multipliers),
Kato’s inequality (properties of the As).

Existence:

Parabolic obstacle problem with artificial viscosity and Lagrange multiplier
(importance of having an equation for It6’s formula),

a priori estimates thanks to parabolic Lewy-Stampacchia’s inequalities,
Young-measures.
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