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Convergence of monotone finite-volume schemes for hyperbolic scalar conservation laws with a stochastic force

The Cauchy problem for a first-order scalar conservation law

{ Oeu+dive [F(.,.,u)] = 0 in RY x (0, T),
u(x,t=0) = wu(x), xeR7.
Assumptions :
m feCYRIx [0, T] x R,RY) and V(x, t,v), div, [f(x,t,v)] =0.
] |g—i(x, t,v)| < Cz and g—f is locally Lipschitz w.r.t x, uniformly w.r.t (¢,v).
m up e L% (RY).

Well known results :

m Existence of solutions by parabolic regularization : € > 0
Orue + divy [f(, . ue)] —eAu.=0and u(.,t=0)= ug(.).

= Uniqueness : concept of entropy solution.

m Numerical approximation : finite-volume method.
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L Introduction
L The stochastic PDE

A stochastic PDE

0 in QxR x (0, T),

ug(x), we Q,xeRY,

{ at(u-fo'g(u)dw)+divx[f(.,.,u)]

u(w,x,t=0)

m (Q, AP, (Ft)ts0, (Wi)t20) a stochastic basis with a standard
real-valued Brownian motion W = (W;)»o0.

g :R > R a Lipschitz-continuous bounded function with g(0) = 0.
v/;g(u)dW the 1t6 integral of g(u)

I?(X7 t,0) = 0, V(x,t) e RY x [0, T] and same assumptions as previously.

f is locally Lipschitz w.r.t x, uniformly w.r.t (t,v).

f is locally Lipschitz w.r.t t, uniformly w.r.t (x,v).

ug € L2(RY).
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LState of the art

State of the art

m Theoretical studies

m « Strong » entropy approach : Feng & Nualart ('08), Chen, Ding &
Karlsen ('12), Biswas & Majee ('14).

m Kinetic approach : Debussche & Vovelle ('10), Hofmanova ('14),
Kobayasi & Noboriguchi ('16).

m Entropy approach : Bauzet, Vallet & Wittbold ('12, '14).

m Numerical analysis

m Time-splitting operator method (d =1 and d > 1) : Holden & Risebro
('91), Bauzet ('13), Karlsen & Storrgsten ('18).

m Semi-discrete Finite Volume Scheme (d =1) : Kroker & Rohde ('12),
Koley, Majee & Vallet ('16).

m Flux-splitting FVS, monotone FVS (d > 1), entropy approach :
Bauzet, Charrier & Gallouét ('16, '17), Funaki, Gao & Hilhorst ('18).
m Monotone FVS (d > 1), kinetic approach : Dotti & Vovelle ('18, '20).
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References of the talk

« Convergence of flux-splitting finite-volume schemes for hyperbolic scalar
conservation laws with a multiplicative stochastic perturbation,
C. Bauzet, J. Charrier and T. Gallouét, Math. of Comp., 2016.
f(x,t, 1) = vf(u) with veRY and f: R - R Lipschitz-continuous.

" Convergence of monotone finite-volume schemes for hyperbolic scalar
conservation laws with a multiplicative noise, C. Bauzet, J. Charrier and
T. Gallouét, SPDE : Analysis and Computations, 2016.
(.t u) = vix t)f(u) with veCY(RYx [0, T],RY) and f: R - R
Lipschitz-continuous.

& Existence and uniqueness result for an hyperbolic scalar conservation law
with a stochastic force using a finite-volume approximation, C. Bauzet,
V. Castel and J. Charrier, JHDE, 2020.
f(x.t,u) (general case).
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The brownian motion W t)o<t<T

|
|
Vs,te[0, T] with t>s
m Wi- W, ~N(0,t-5).
= E[W; - W] =0.
= E[(W- W) |=t-s.
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L Introduction
L Tools of stochastic calculus : Jo g(u)dw?

The Itd integral for a simple process

Set H a Hilbert space (for example L*(R9) or H*(R?)).

Definition : simple process

(&(t))ost<T is a simple process with values in H if there exist
0=to<...<tk Stye1 = T and (k+1) random variables ¢q, @1, ..., &k : Q = H such

that Vn, ¢, is F; -measurable and
o(t):Q - H

k
w = Z¢n1[t,,,t,,+1[(t)~
n=0

We denote by 52((0, T)xQ; H) the set of simple processes with values in H.

The It6 integral of a simple process

k
[ s(sraws) - Z - W) = 3 oW - W),
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L Introduction
L Tools of stochastic calculus : Jo g(u)dw?

Properties of Ité integral
-
Zero average : E[fo ¢(s)dW(s)] =0.

It6 isometry :

e[| [ s awo|i]-E[ [ 1e6)5ds].

Linear continuity : the application
S*((0, T) x4 H) - C([0, T]; L2(Q; H))
¢ ‘/0.¢(S)dW(S) is linear and continuous.

Extension of the Itd integral

To the predictable processes X ¢ :\‘],21/(0. E H) c LZ((O, T)xQ; H) using the density of
T
S?((0, T) xQ; H) in L2((0, T) x Q; H) with the norm E[ f ||Hf<ds]
0




Convergence of monotone finite-volume schemes for hyperbolic scalar conservation laws with a stochastic force
L Introduction

LTheoretical background

Definition : stochastic entropy solution

A process u e N2 (0, T; L2(RY)) c L2((0, T) x Q; L>(RY)) is a stochastic
entropy solution if ue L(0, T; L2(C x RY)) and satisfies

0 < —[Rdn(uo)go(x,O)dx+/Tf n(u)pe(x, £ dxdt
+/OT—[Rd [/0 n(g) (x t a)da] Vxp(x, t)dxdt

+/T/ 0 (u)g(u)p(x, t)dxdW(t)

2[ fRd "( u)p(x, t)dxdt,

Vn e C3(R) convex, ch € C;"’(Rd x

[0, T[), ¢ >0, and P-a.s. in Q.

L

—, \
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L Monotone finite-volume scheme

L Presentation of the scheme

Uniform subdivision of [0, 7|, k>0

=1
x 4=
==
Il
\' ——

m k= T/N the time step, N € N*.

= 7 a mesh of R? and h =size(7T") = sup {diam(K), K € T} < co.
m N(K) the set of control volumes neighbors of K € T.

m Ek the set of interfaces of the control volume K.

m 0y | the common interface between K and L, Ke T, L e N(K).

m Nk, the unit normal vector to interface ok 1, oriented from K to L.
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L Monotone finite-volume scheme

L Presentation of the scheme

A finite-volume scheme

o, (u - fo'g(u)dw ) +dive[f(.,..u)] =0.

We approximate u by a « piecewise constant » function ur,: QxR¥x (0, T) - R

ur (w,x,t) = up, weQ,xeK, te[nk (n+1)k) 4:b

OK,L

I~
xo

1
- = d
K| fK”‘)(X) %
n+1

k
ugt —ug > Qi = glug)(W ((n+1)k) - W (nk)) ,
|K|L€N(K)

where Q¢ denotes the flow taken out of K towards L on (nk,(n+1)k).
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L Monotone finite-volume scheme

L Presentation of the scheme

Choice of QF

Condition : principle of conservation (mass, energy...) :
Qr_;=-Q VK, LeT,¥ne{0,...,N-1}.
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L Monotone finite-volume scheme

L Presentation of the scheme

Choice of Qf

Condition : principle of conservation (mass, energy...) :
Qro1 =-Qx, VK, LeT ,¥ne{0,...,N-1}.

Example : « upwind » choice

If f=vxf with veR? and f:R - R Lipschitz and non-decreasing : upwind
scheme (left-sided, follow the sense of the wind)

Qi = ok cl(Vonk ) Ff (0], )

where
up if (V.ng) >0

ui’ if (V.nK,L)<0

and so

Qe = lorie | { (V.0 )* F () = (V. 0)~F () |-
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L Monotone finite-volume scheme

L Presentation of the scheme

Choice of QF

Condition : principle of conservation (mass, energy...) :
Qi =-Qx, YK, LeT,¥Vne{0,....,N-1}.

Example : « flux-splitting » choice with v € RY

If f=vxfwithveR?and f:R—>R Lipschitz thus f = f; + >, with f; 7 and &
m f; : upwind scheme.

m 7> : downwind scheme.
Qe =l { (7om, ) (i) + B(uD)) = (Fme) (A (]) + (uR)) },

Modified Lax-Friedrichs : f(x) = @ + Dx, fH(x) = @ — Dx, with D > %
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L Monotone finite-volume scheme

L Presentation of the scheme

Choice of Qf

Condition : principle of conservation (mass, energy...) :
Qi =-Qx, YK, LeT,¥Vne{0,....,N-1}.

Example : « flux-splitting » choice with v € RY

If f=vxfwithveR?and f:R—>R Lipschitz thus f = f; + >, with f; 7 and &
m f; : upwind scheme.

m 7> : downwind scheme.
Qe =l { (7om, ) (i) + B(uD)) = (Fme) (A (]) + (uR)) },

Modified Lax-Friedrichs : fi(x) = @ + Dx, fa(x) = @ — Dx, with D > ?f

Theorem [Bauzet-Charrier-Gallouét (2015)]

When Qf,_, is of « flux-splitting » type then w7 x converges to the unique
stochastic entropy solution of the problem in Ll’;C(Q x R x (0, T)), Vp<2.
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L Monotone finite-volume scheme

L Presentation of the scheme

Choice of Qf

(FR 1)k, is a family of monotone numerical fluxes if for any neN, K e T and
Le N(K), F!?,L :R2 - R and for any (a, b) € R?

m Monotony : aw F¢ (a,b)is /" and b Ff (a,b) is \.

m Regularity : F[}J_ is Lip-diag : 3F;, F» > 0 such that Va,be R

Fr,L(b,a)=Fg 1 (a,a)| < Fa[b=a| and [Fg (a,b)=Fg  (a,a)| < Falb-al.
m Conservativity : Fg,(a,b) = -F] (b, a).

1 (n+1)k .
m Consistency : Fg ,(a,a) = ﬁ [k f f(x,t,a).ng dy(x)dt.
? OK,L| Jn OK,L

Qr_1 = |0K,L|F£,L(Uf<7 ur).
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L Monotone finite-volume scheme

L Presentation of the scheme

If f=v

« f with ve R? and f : R - R Lipschitz and non-decreasing :
ur k(x,t) = ug,xeK, te[nk (n+1)k),

1
W [( UO(X)dX7

> okl (Vonk ) f (ug, ) = g(u)(W ((n+1)k) = W (nk) )

| |0K,LE(€K

Ui

n+1

.,k
U " — U+ —

Stability estimates on (7 ).
Entropy estimates satisfied by (7 ,).
Passage to the limit in the entropy estimates satisfied by (v ,).

Existence and uniqueness of the stochastic entropy solution w.
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L Monotone finite-volume scheme

L Scheme properties

Stability estimates

Non-degeneracy condition on the spatial mesh :

Ja>0/VKeT:ah’ <|K| and |0K|<=h"".

Proposition : L$°L2  estimate

Under the CFL condition : k< ————, we have :

2
vne {0, ,N-1}, 3 |KIE[(up)?] < e™%]|uol22 go)-
KeT

Thus (u7 «) is bounded in L>(0, T; L?( x RY)).

Idea of the proof : multiply the FV scheme by uj

CFL condition 4+ monotony of f + properties of the Brownian motion.
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Weak BV estimate

Let R > h. Under the CFL Condition

a2h

< EOgmI-

, for some £ € (0,1),

There exists C € R}, only depending on R, d, T, &, up, v, &, Cr and Cg such that

N-—

Z k Z |O’K7[_||\7.nK7L

n=0 (K,L)eTR

iy

1%:[

f(ue) - F(u)]| < Ch72,

where TR = {(K, L) € T2 such that Le N(K),K,Lc B(0,R) and uj > uf'}.

Usefulness

Control the difference between the numerical entropy flux and the entropy flux at
ur k., namely [;"7 0’ (0)f'(o)do.
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L Monotone finite-volume scheme

LDerivation of entropy inequalities for ug j

Our goal : entropy estimates satisfied by (u7 )

For all convex functions 7 € C3(R), for all ¢ e CZ°(R? x [0, T)) with ¢ > 0 and for
all P-measurable set A :

1(uo)e(x,0)c  + n(ur K )pe(x; t)
n ([ T (0)F(0)do )77 (x, )
+ 1 (uri ) uri )e(x,t)
+ 0" (urk )8 (urk )p(x; t)
> E[IAR”'k],

where for all P-measurable set A, E[lARM] —~0as k,h— 0.

Question : how to get these inequalities ?
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L Derivation of entropy inequalities for ur

In the deterministic case (g =

Using Kruzhkov entropies 7),.(1) = |u— x|, k € R.
Problem : Kruzhkov entropies are forbidden in the stochastic case !
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L Monotone finite-volume scheme

LDerivation of entropy inequalities for ug j

In the deterministic case (g = 0)...

Using Kruzhkov entropies 7),.(1) = |u— x|, k € R.
Problem : Kruzhkov entropies are forbidden in the stochastic case !

A time continuous approximation

Ut k(w,x, t) =g (w, t), we, xe K, te[nk,(n+1)k]

— s—nk R " s
T(s) = k=T X okl (vmc)f ) + [ g(R)aw(n
OK,LECK
= Zg |0'K,L (V.nKvL)f(f(ugK’L)—f(u,'l))

Thus Tj(nk) = ug VYne{0,...,N}.

Convergence result

llu7 & = U7 Kl 2(2xrx(0,T)) = O @s h, k > 0.
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L Monotone finite-volume scheme

LDerivation of entropy inequalities for ug j

Set a convex function 7 € C2(R). Apply Itd's formula on [nk, (n + 1)k] to Ty x and
the functional W : (t,u) » n(u) to get P a-s. in Q :

=1 Uk ((n+1)k) =1 (ug(nk))

(n+1)
e DT low a7 (FCu ) = F(uf) e

O'K,LESK

(n+1)k
e [0 @ (e)g(ui)dw (2)

nk

1 (n+1
+ —
2 Jnk

=0.

(1)) ()t
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L Monotone finite-volume scheme

LDerlvatlon of entropy inequalities for ug j

For any convex function n € C3(R), any ¢ € C°(R? x [0, T)) with ¢ > 0 and any
[P-measurable set A :

N-1
—E[lAZ S (n(upt) - 7](“?{))|K|<PHK]

n=0 KeTgr
+E[1A > > / (UT,k(f))Z |UK,L|(‘7-”K,L)_(f(UgK’L) — f(ug))dtol
n=0 KeTgr ok, 1€€EK
N-1 (n+1)k
Buy ¥ n’(aT,k<t>>g(u&>dW(t>rK|¢”K]
n=0 KeTp Y "
N-1
oy 3 [ g

=0.

1
where i = “(v/KL,Q(X./ nk)dx.
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L Monotone finite-volume scheme

LDerivation of entropy inequalities for ug i

N 1

S [ ) X okl (5, ) - £ dei

n= O KeTR ok, 1€k

; .
< f fd F7(ur ) V-V (x, t)dxdt + Ry + Ry™, with E[14(R3* + RE)] o O
o Jr )

VaeR, F'(a) = f n'(o)f'(o)do denotes the entropy flux.
0
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L Monotone finite-volume scheme

LDerivation of entropy inequalities for ug j

N-1 (n+1)k . R _ " n n
> 2 [ ) S lowal () (F(u, ) - (0 )k
n=0 KeTg’ " ok,1€Ek
N-1 (/7+1)k/
Ty W) S lowdl (7m0 (F(ul, ) — F(u)) gkt
n=0 KeTp? Nk ok.1€EK
N-1 (n+1)k |
+ Z Z f n'(ug) Z \rrK_L\(\7‘/7K,L)7(f(u,';', ) - f(uﬂ/));}’/dt
n=0 KeTg” Mk oK. LEEK
N-1 (n+1)k . B
Y 2 [ T okl (an) (FU(uE, ) - (R )kt
n=0 KeTg 2 Nk ok, 1€EK
$ = (n+1)k = —(cng,.n n n
cx X [ S okl (FI(u8, ) - F(uk))oiede
n=0 KeTg < "k oK.LeEk

- T
_/ / F'(ur k) V. Vxp(x, t)dxdt + f [ F''(ur 1) V. Vxp(x, t) dxdt
0 R ’ 0 R4 :

. .
< f /d F7(ur 1) V. Vxp(x, t)dxdt + Ry + Ry, with B [1a(RY* + RYM)] 0.
o Jr .

VaeR, F"(a) = / n'(0)f'(c)do denotes the entropy flux.
0
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L Monotone finite-volume scheme

LDerivation of entropy inequalities for ug i

S [ (0) S lowal(m ) (R, )~ ()

n=0 KeTg ok, L€€EK
- z > [0 T lowal 7m0 (8, ) - F(0i) e
KGTR oK, LESK

(n+1)k )
+§ Z[ S Jow [V ) 0 () (F(ul, )~ F(uf) )@t

ok, 1€EK

N-1 (n+1)k _ .
= KZ; fnk ZS|UK’L|(V'HK’L) (F"(ug, )~ F"(ug))pkdt
n=0 Ke/r oK,1€EK
N-1 (n+1)k - ~ ’ . o .
: Z;) KZ;’ /nk ZS‘UK’LKV'nK’L) (F](UOK,L) -F ]<UK))%0Kdt
n= €/R OK,LECK

T T
_/0 fRd F(ur k)V.Vep(x, t)dxdt + fo fRd F(ur 1) V.V xp(x, t)dxdt

T .
< f f F(ur ) V.Vap(x, t)dxdt + R+ RYY, with E[14(R)" + RE)] — 0.
0 Jro g h-0
VaeR, F'"(a) = f n'(o)f'(c)do denotes the entropy flux.
0
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L Monotone finite-volume scheme

LDerivation of entropy inequalities for ug j

N-1 (n+1)
E[IA > > [
n=0 KeTp’ Nk
N-1
—E[lA >y /
n=0 KETR n
N-1 (n+1)k

>y

n=0 KeTg ¥ K

Y lordl () (FCl, ) - f(u,"o)]

O’K’LESK

()Y ol (7-me) (Rt ) - f(um)so"Kdt]

UK,LESK

V) Y okl (vmed) (Gt ) - f(uﬂ))so"Kdt]

(n+1)
k O’K7LESK

:E[lA [0 (a7 i (£)) — ' (uf) ] ol

k
—>Oash—>OandE—>O.
s—nk

L77'$k(t)*uf< = - ‘K‘ Z ‘(TK_L‘(V.HK"L)i(f(UgK.L)*f(uz))
ok,1€€k

+fn:g(uf<)dW(t). Vte[nk, (n+1)k].
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L Monotone finite-volume scheme

LDerivation of entropy inequalities for ug j

Question : how to show that

N-1 (n+1)k
E[lA > _[k > |0'K,L|(‘7-”K,L)_77/(Uf<>(f(UgK_L>f(”f())@n}(dt]

n=0 KE77? n O'K’LG(C;K

N-1

(n+1)k
—E[lAZ Z /n Z |0K,L|(\7.nK,L)_( F'(ug, )~ F"(uk) )Lp’kdt]

n=0 KETR k O'K,LESK

n

:/ 7KL '/'(s)f’(s)ds

“K
<07

Answer : since f and 7’ are non-decreasing, one gets :

0 (up)(F(ug, ) = F(ug)) = (F'(ug, ) = F"(uk))

n

_ ﬁnuaK,L (n/(u?() _ n’(s))f’(s)ds

K
<0.
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L Monotone finite-volume scheme

LDerivation of entropy inequalities for ug j

Question : how to show that

N-1 (n+1)k
E[lA Z Z f Z |0'K,L‘(\7~I7K,L)_(FT](UgK_L) — FT/(uf())(.pr;(dt]

n=0 KETR nk O'K,LGEK

B,
—E[IA fo fRd F(ur 1) 7.V xp(x, t)dxdt] ~0ash—07?

Answer : Weak BV estimates :

N-1
Sk Y |aK,L||\7.nK7L|lE[|f(u;’<)—f(uZ)|]sCh‘1/2.
n=0 (K,L)eTR

VaeR, F”(a):foaz/((r)f’((r)do
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L Monotone finite-volume scheme

LDerivat n of entropy inequalities for us

W =B Y [T () T ol @) () - FR))deck]

n=0 KeTg” Nk oK, L€EK

.,
A B4 B M K- DM B[ [ P (uri)7.9ep(x, ]

-0 <0 —0

.
h,k n =
< E[L4R ]+E[1Afo fRdF (ur 4)V-Vip(x, t)dict |
—_—
—0 as h,%—»O

Key points :
k
m APK - B"K 0 assume that T 0.

m B <0 Monotony of f and 7',
m CMk— DMK 50 : Weak BV estimate.
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L Monotone finite-volume scheme

L Derivation of entropy inequalities for ur

Extension to general monotone numerical fluxes

For a flux function (x, t,u) = f(x,t,u) with Q7 _, = lok L|FR  (ug,ul).
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L Monotone finite-volume scheme

L Derivation of entropy inequalities for ur

Extension to general monotone numerical fluxes

For a flux function (x, t,u) = f(x,t,u) with Q7 _, = ok |FL  (ul,ul)
Decomposition of Fi : [C. Chainais-Hillairet thesis]
There exists 0 | : R? - [0,1] such that Va,beR

Fi’},L(av b) = GQ,L(av b)F;}f(ab) + (1 _0?(,L(aa b))Fn LF(a b)

| ——

| S —
Godunov Lax— Friedrichs
min ¢ (s if a<b,
where F”’G(a b) = s<[a,b] Kels)
K,LA™ max fg ; (s) ifazb
se[b,a]
?o(a)+ 12, (b
Fotf(ab) = il )2 il )—D(b—a) with D = max(2Fy, 2F2, C;)

1 (n+1)k .
and f7 ,(s) = L7 [ syt
n OK,L

klok |
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L Monotone finite-volume scheme

L Derivation of entropy inequalities for ur

Entropy inequalities satisfied by ur x

For any convex function n € C2(R), any ¢ € C?(Rd x [0, T)) with ¢ > 0 and for any
P-measurable set A :

E[lAf n(uo)¢(x,0)dx+E lAfT/ n(uT7k)g0t(X,t)dxdt]
+E| 1Af f F(ur 1)7.Vp(x, t)dxdt
+E 1Af f n/(UTk)g(UT.k)QD(Xat)dXdW(t)]
+;E 1Af f " (ur )&% (ur 1) (x, t)dxdt]
2 E[lARh'k],where E[lARh‘k] -0 as h,% - 0.

Assumptions due to the noise : % — 0 and g is bounded.
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L Monotone finite-volume scheme

LConvergence of the scheme

Compactness argument

Young measures, PDE and Prohorov’s theorem

(ur k)T« is bounded in L?(€ x @) = there exists a Young measure

Yo
v:Qx QxR — R such that : v e

V.
measures

Q=(0,T) xR
i (w,x, 8, A) € Qx QxR (w, x,t,\) € R a Carathéodory function
« (., ur k) is uniformly integrable

dv —_— dv
foQxR ¥ Tk h—0 Qx QxR ¥
I I

fQXQ%D(-, ur k(w, x, t))dxdtdP ?
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LConvergence of the scheme

Compactness argument

Young measures, PDE and Prohorov’s theorem

(ur k)T .k is bounded in L?(Q) x @) = there exists a Young measure

Y.
v:Qx QxR - Rsuch that : v one

V.

measures Q- (0‘ T) 52 ]Rd

1 (w,x, 8, A) €Qx QxR (w,x,t,\) € R a Carathéodory function
* (., ur k) is uniformly integrable

dv — dv
[)xQxR 1/} Tk h—0 Qx QxR ¢
Il Il

1
fQXQw(.,uT,k(w,x, t))dxdtdP foQfo b, p(w, x, t, ) ) dadxdtdP.

Notion of entropy process p1 € L2(Q2 x @ x (0,1)) [Eymard-Gallouét-Herbin].



Convergence of monotone finite-volume schemes for hyperbolic scalar conservation laws with a stochastic force
L Monotone finite-volume scheme

LConvergence of the scheme

Entropy inequalities satisfied by ur x

For any convex function 1 € C?(R), any function ¢ € C&° (Rd x [0, T)) with ¢ > 0 and
for any P-measurable set A :

]E[lA [Rdn(uo)go(x,O)dx]+E[_[onRd Lan(ur 1) pe(x, t)dxdt]
+E[/0TfRd 1AF'1(u7_k)v:vxp(x,t)dxdt]

B[ 7 v oy s ur o0 daw (1)
+%E[f0TfRd 147" (ur 1) 8° (ur k) (x, t)dth]

> E[1aR™].
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LConvergence of the scheme

Convergence to a measure valued-entropy solution

(u7 k) converges in the sense of Young measures to a function y belonging to

Nﬁ(o, T, [2(R9 x (0, 1))) nL=(0, T, [2(2x R x (0, 1))) and satisfying

E[lAf n(uo)go(x,O)dx]+E[lA/Tf /177(,u(.,04))90t(x, t)dadxdt]
+]E[1Af [Rd / / ) (x t a)da) Vxp(x,t) dadxdt]

[ [ [ n'<u<.,a>>g<u<.,a>>so<x,t)dadxdwm]
wamta [ [, [0 0080t ) daaat]

> 0,

The process u is called a measure-valued entropy solution of our problem.
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To conclude ...

m Stochastic version of Kruzkhov's doubling variables technique :
comparing any measure valued solution fi with the parabolic v, or
finite-volume approximation u7y k.

m Stochastic local Kato's inequality : (with g limit of (ue) or (urk)...)

.
IE_/ f f Jt,a) = fi(x, t, B)|dadBdxdt | = 0.
[ o JBOR+GT) J(01) lu(x, t,a) = fi(x, t, B)|dod Bdx ] 0

= Uniqueness of i and independence with respect to the variable a.

1
m Uniqueness of the stochastic entropy solution u(x,t) = /(; wu(x, t,a)da.

Main result

For any family of monotone numerical fluxes (Fj ;), the approximate solution
(uT k) given by the associated finite-volume scheme converges to the unique
stochastic entropy solution of the problem in Lf (2 xR?x (0,T)), Vp<2.
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Thank you for your attention.
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Appendix

State of the art.
Uniqueness argument.

On the uniform integrability

Compatibility of the the stochastic integral
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State of the art

m Theoretical studies

m « Strong » entropy approach : Feng & Nualart ('08), Chen, Ding &
Karlsen ('12), Biswas & Majee ('14).

m Kinetic approach : Debussche & Vovelle ('10), Hofmanova ('14),
Kobayasi & Noboriguchi ('16).

m Entropy approach : Bauzet, Vallet & Wittbold ('12, '14).

m Numerical analysis

m Time-splitting operator method (d =1 and d > 1) : Holden & Risebro
('91), Bauzet ('13), Karlsen & Storrgsten(preprint).

m Semi-discrete Finite Volume Scheme (d =1) : Kroker & Rohde ('12),
Koley, Majee & Vallet ('16).

m Flux-splitting FVS, monotone FVS (d > 1), entropy approach :
Bauzet, Charrier & Gallouét ('16, '17), Funaki, Gao & Hilhorst ('18).
m Monotone FVS (d > 1), kinetic approach : Dotti & Vovelle ('18, '20).
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Uniqueness argument

= With a particular choice of ¢ one gets Kato inequality :
T
Eff f t,) - pa(x, t, B)|dad Bdxdt | = 0.
Lo Joomec,m Jooay 11050 £:0) ~ha(x. . )| dadBcct]

= Fora.a (x,t,a, ), pi(x,t,a) = pa(x,t,[3).
® « Stochastic version » of doubling variables with (u7 k) = 111 and p :

= Fora.a (X7 t70475)a /.Ll(X, taa):ul(x7t7ﬁ)'

1

m Set u(x,t) = [0 p1(x, t,a)da

= For a.a (x,t,0), u(x.t)= folul(x, t,0)da =i (x.t.3).

Conclusion : p1 is independent of « and a unique entropy solution v exists.
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On the uniform integrability

A sequence (1) ns0 of functions ¢, : Q x Q — R is uniformly integrable if
- (¥n)ns0 is bounded in L1(Q x Q).

- (¥n)ns0 is equi-integrable : Ve >0, 30 >0: VAcQxQ :
(L9 @ P)(A) <6 = VneN, [A b (w, x, )| dxdltdP < e.
S Ve>0, IK.cQxQ: (LY ®P)(K.) < o0 and

VneN,]}; |n(w, x, t)|dxdtdP < .

If (vn)ns0 is bounded in L2(Q x @) then for any ¢ € L2(Q x Q), the product
(¥np) >0 is uniformly integrable.




Convergence of monotone finite-volume schemes for hyperbolic scalar conservation laws with a stochastic force

L Conclusion

Compatibility of the stochastic integral

Set W a Carathéodory function such that W(., ur k) is bounded in L2(Q x Q).
Then for any ¢ € [2(Q x Q)

E[/{;\U(.,UT’k(X, t))godxdt]hTJE[fQ'/OI\U(.,u(x, t,a))doc(pdtdx],

V(. urg) ~ fol\lf(.,u(.,a))da in 12(Qx Q).
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Compatibility of the stochastic integral

Set W a Carathéodory function such that W(., ur k) is bounded in L2(Q x Q).
Then for any ¢ € [2(Q x Q)

E[/{;\U(.,UT’k(X, t))godxdt]mE[fQ'/Ol\U(.,u(x, t,a))dozapdtdx],

V(. urg) ~ fol\lf(.,u(.,a))da in 12(Qx Q).

1 N2(0, T L2(RY)) - L2(QxRY)

-
© f w(s)dW(s) ‘Linear and continuous‘
0

= Ve l2(QxRY), E[[Rd¢(w,x)fOTW(.,uT,k)dW(t)dx]
. E[fRdd)(w,x)fOT/Ol\ll(.,u(.,a))dadW(t)dx].

h—0
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